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O ' Abstract 

^"^ | The so-called "local-global" conjectures in the representation theory of finite groups relate 

the representation theory of G to that of certain proper subgroups, such as the normalizers 
of particular p-groups. Recent results by several authors reduce some of these conjectures to 
showing that a certain collection of stronger conditions holds for all finite simple groups. Here, 
we show that G — Spe(2 a ) is "good" for these reductions for the McKay conjecture, the Alperin 
weight conjecture, and their blockwise versions. 
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1 Introduction: The Conjectures and Reductions 

Much of the representation theory of finite groups is dedicated to showing the validity of various 
conjectures which relate certain invariants of a finite group with those of certain subgroups. Often, 
these have to do with the number of characters of the group of a given type. One of the first of 
these "local-global" conjectures is the McKay conjecture, which says that if G is a finite group with 
t a prime and P € SyLj(G), then |Irr^/(G)| = \1tt£i(Nq(P))\, where Irr^/(X) represents the set of 
irreducible characters of X with degree prime to I. The Alperin-McKay (AM) conjecture extends 
the McKay conjecture to include the role of blocks, and says that if B is an ^-block of G with defect 
group D and b is the block of Nq{D) with b G = B, then the numbers of height zero characters of 
B and b coincide. 

All of these conjectures remain open today, and although there is much evidence for the validity 
of the McKay conjecture, the question of why it should be true remains unclear. Reduction theorems 
for the McKay and Alperin-McKay conjectures have been proved in [13] and [23], respectively, with 
the hope of providing not only a method by which to prove the conjectures, but also a better 
understanding of the deeper underlying reason behind them. These reductions involve a list of 
conditions that a simple group must satisfy in order to be "good" for the McKay (resp. Alperin- 
McKay) conjecture for a prime t. The reductions say that if every finite simple group is "good" for 
the McKay (resp. Alperin-McKay) conjecture for I, then every finite group satisfies the conjecture 
for the prime I. 

An t- weight of a finite group G is a pair (Q,fi), where Q is an ^-radical subgroup (i.e. an t- 
subgroup such that Q = 0£(Ng(Q))) and /x is a defect-zero character of Ng(Q)/Q- More generally, 
a weight for a block B of G is a pair (Q, fi) as before, where \x lies in a block b of Ng(Q) for which 
the induced block b G is B. The Alperin weight conjecture (AWC) says that if G is a finite group and 
I is a prime dividing \G\, then the number of irreducible Brauer characters of G equals the number 
of G-conjugacy classes of ^-weights of G. The blockwise Alperin weight conjecture (BAWC) says 
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that the number of irreducible Brauer characters belonging to a block B of G equals the number 
of G-conjugacy classes of £- weights of B. 

In |18| . Navarro and Tiep prove a reduction for the Alperin weight conjecture in the same spirit 
as that for the McKay conjecture, and in [24], Spath extends this reduction to the blockwise version 
of the Alperin weight conjecture. 

The reductions for these conjectures give us hope of proving them by appealing to the classi- 
fication of finite simple groups. It has been shown that under certain conditions, a simple group 
of Lie type is "good" for the various conjectures, but it still needs to be shown in general. For 
example, it is known (see [18], [23]) that a simple group of Lie type defined in characteristic p is 
"good" for the Alperin weight and blockwise Alperin weight conjectures for the prime £ = p, but 
the question is still open when £ ^ p. Similarly, for £ = p > 5, Spath has shown in [23} Proposition 
8.4] that a simple group of Lie type defined in characteristic p is "good" for the Alperin-McKay 
conjecture (and therefore also the McKay conjecture) for the prime £ = p. It is worth noting that 
for q > 4 a power of 2, the same argument shows that indeed, Spe(q) and Spi(q) are good for 
the Alperin-McKay conjecture for the prime 2, as the Schur multiplier is non-exceptional in these 
cases. 

In [5], Cabanes shows that Sp^{2 a ) is "good" for the McKay conjecture for all primes £ ^ 2. 
According to the discussion preceding [231 Theorem A], G. Malle has shown that Sp^{2)' = Aq 
is "good" for the blockwise Alperin weight conjecture. We prove the following statement, which 
therefore implies that Spe(2 a ) and Sp^(2 a ) are "good" for each of these conjectures for every prime: 

Theorem 1.1. The simple groups SpQ^q) with q even and Spi(q) with q > 4 even are "good" 
for the McKay, Alperin-McKay, Alperin weight, and blockwise Alperin weight conjectures for all 
primes £ ^ 2. Moreover, the simple group Spi{2)' is "good" for the Alperin-McKay conjecture for 
all primes £ (including £ = 2) and Sp§{2) is "good" for the Alperin-McKay conjecture for the prime 
£ = 2. 

2 Preliminaries and Notation 

Throughout this paper, £ denotes a prime, thought of as the characteristic for a representation. As 
usual, Irr(X) will denote the set of irreducible ordinary characters of X and IBr^(X) will denote the 
set of irreducible ^-Brauer characters of X. Further, if x £ Irr(X) U IBr^(A), Bl(A|x) will denote 
the block of the group X containing x- We will also denote by Irro(X|Z?) the set of height-zero 
characters of X which lie in any block with defect group D and by dz(X) the set of defect-zero 
characters of X. Given x € Irr(X), we will denote the central character associated to x by uj x . 
Further, we will denote by * a fixed isomorphism from the set of f'-roots of unity in C to F* and 
set Xb = uj^ for B = Bl(X|x), as in [121 Chapter 15]. Given a set 6, write & + := J2xe& x - ^ 

Y < X is a subgroup, and b € B1(Y), then the induced block b x is the unique block B so that 
X X (K. + ) = A_b(/C + ) for all conjugacy classes /C of X, if such a B exists. (In this situation, recall 
that b x is said to be defined.) Recall that X X (IC + ) is given by X b ((/C n Y)+) . 

If a group X acts on a set S and s C 6, then we denote by X s or stabx(s) the subgroup of 
X stabilizing s. If X acts on a group Y, we denote by Y : X or Y x X the semidirect product of 

Y with X. We may also say this is the extension of Y by X. In such situations, if r is a positive 
integer and p is a prime, we will write Y : r if X = C r is the cyclic group of order r and Y : p r if 
X is elementary abelian of order p r . 

Let G be a finite group of Lie type, with G = G F for a connected reductive algebraic group G 
in characteristic p ^ £ and a Frobenius map F, and write G* = (G*) F , where (G*, F*) is dual to 
(G, F). We can write Irr(G) as a disjoint union (J £(G, (s)) of rational Lusztig series corresponding 
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to G*- conjugacy classes of semisimple elements s € G*. Recall that the characters in the series 
£(G, (1)) are called unipotent characters, and there is a bijection £(G, (s)) o £(Gg*(s), (1)) such 
that if X ^, then = [G* : G G » (s)] p ^(l). 

Let t be a semisimple - element of G* and write £e(G, (t)) := |J £(G, (ut)), where the union is 
taken over all ^-elements u in Gc*(t). By a fundamental result of Broue and Michel [4], £i(G, (t)) 
is a union of ^-blocks. Hence, we may view £g(G, (t)) as a collection of ^-Brauer characters as well 
as a set of ordinary characters. 

In [2], Bonnafe and Rouquier show that when G G * (i) is contained in an F*-stable Levi subgroup, 
Ll \ °f G*, then Deligne-Lusztig induction yields a Morita equivalence between £e(L, (£)) and 
£*(G, (t)), where L = L F and (L,F) is dual to (L*,F*). 

Note that when G = Spe(q), q even, with G = G F and (G*,F*) in duality with (G, F) , each 
semisimple conjugacy class (s) of G* = (G*) F satisfies that \s\ is odd. Hence by [7, Lemma 
13.14(iii)], the centralizer Gg*(s) is connected. While applying Deligne-Lusztig theory to Sp2 n {q) 
with q even, it is convenient to view Sp2 n (q) as S02 n +i{q) — Sp2 n {q), so that G* = Sp2n(o)- The 
following lemma is [2 1 1 Lemma 2.4]. 

Lemma 2.1. Lei G* = Sps(q), q even, with G = G F and (G*,F*) in duality with (G, F). The 
nontrivial semisimple conjugacy classes (s) of G* each satisfy Cq*(s) = L* for an F* -stable Levi 
subgroup L* of G* with Cg*(s) = (L*) F * =: L* . In particular, Bonnafe- Rouquier 's theorem JBj 
implies that there is a Morita equivalence £e(L, (t)) o £i(G, (1)) given by Deligne-Lusztig induction 
(composed with tensoring by a suitable linear character) when t ^ 1 is a semisimple £' -element, 
where L = L F and (L,F) is dual to (L*,F*). 

Let q be a power of 2. In light of the above discussion and our need to understand radical 
subgroups, it will often be useful to understand the structure of centralizers of semisimple ele- 
ments of Sp2n{ ( l)- Given a monic irreducible polynomial / € F g [i] of degree d with a root a in 
some splitting field for /, let /" denote the monic irreducible polynomial of degree d with roots 

ar 1 ,ar*,...,ar'**~ 1 . 

Lemma 2.2. Let G = Sp2 n {q) with q even, and let s be a semisimple element of G. Decompose 
the characteristic polynomial P(t) € F 9 [i] of s acting on the natural module F^ n in the form P(t) = 
(t — l) m ° ■ T[ifi(t) mi ' Yij 9j(t) nj Sj (t) nj , where each fa, gj is an irreducible polynomial over ¥ q , 
fi = ff has degree d{ and does not have 1 as a root, gj ^ g^ with deg gj = deggj = kj, and 
In = mo + Yli dinii + 2 ]T) ■ kjUj. Then 

C G {s) - S Pmo (q) 0G^ mi (^/ 2 ) e0GI Bj .(g*O- 

i j 

For the remainder of the paper, £ is an odd prime and q is a power of 2. We note that 
1^6(9)1 = Q 9 (q 2 ~ 1)(9 4 — 1)(9 6 — 1)) so if £ is a prime dividing ^^(g)] and £ ^ 3, then £ must 
divide exactly one of q — 1, q + 1, q 2 + 1, q 2 + q + 1, or q 2 — q + 1. If £ = 3, then it divides q — 1 
if and only if it divides q 2 + q + 1, and it divides q + 1 if and only if it divides q 2 — q + 1. When £ 
divides q e — 1, we will write e € {±1} for the number such that £\{q^ — e). If £ 7^ 3, we write d for 
the integer such that (q e — l)i = £ d . (Here ri is the £-part of the integer r.) If £ = 3, we write d for 
the integer such that 3 d = (q — e)s, so that (g 3 — e)s = 3 d+1 . In any case, we will denote by m the 
integer (q — e)p. 

We will also borrow from CHEVIE [W\ the notation for characters of Spe(q) and the roots of 
unity Cj := exp ( 2 p^" ^ and £j := exp ^ 2 ^^ j . We will sometimes also use Q or ^ to denote a 

corresponding root of unity in F^ . 
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The following sets for indices will be useful. For e E let I®_ e be the set {i € Z : 

1 < i < g — e — 1}, and let I q _ e be a set of class representatives on I q _ t under the equivalence 
relation i ~ j i = ±j mod (g — e). Let 7° 2+1 := {i € Z : 1 < i < g 2 } and ^°2_ 1 := 

{z € Z : 1 < i < q 2 — 1, (q — 1) (g + 1) and let I q 2_ e be a set of representatives for 

the equivalence relation on I®2_ t given by i ~ j <^=^ i = ±j or ±qj mod (q 2 — e). Similarly, 
let I®3_ € := {i € Z : 1 < i < q 3 — e; (q 2 + eg + 1) and 7 (J 3_ (E a set of representatives for 
the equivalence relation on 7^ 3 _ e given by i ~ j i = ±j,±qj, or ±q 2 j mod (q 3 — e). 

Given one of these indexing sets, 7*, we write I* for the elements (ii, ...,£&) of 7* x 7*... x 7* (fc 
copies) with none of ii,i2,---,ik the same and I%* for the set of equivalence classes of 7^ under 
(h, ...,i k ) ~ ...,p(ik)) for all p € 

Let G := Sps(q) and let denote the set of unipotent characters and £j( J) denote the Lusztig 
series (s)) for G, where s is conjugate in G* to the semisimple element gi(J) in the notation 
of [E]. Here J denotes the proper indices (for example, for the family g$, J = (i) for i € I q -i, and 
for the family 532, J = k) where k) G 7^ x ). 

D. White [26] has calculated the decomposition numbers for the unipotent blocks of G, up to 
a few unknowns in the case £\(q + 1). Moreover, using the theory of central characters, which are 
available in the CHEVIE system [10J for G, it is straightforward to determine the block distribution 
of the remaining complex characters. Using this information, Lemma 12. 1\ Lemma 12.2^ and the 
knowledge of the decomposition matrices of lower-rank groups (see [25] , |14j , [19] , [9] , [20] ) , we can 
then determine the description of Brauer characters of SpQ(q) in terms of the restrictions of ordinary 
characters to -^-regular elements. This information can be found in the Appendix. In particular, the 
set £ (G, (gi(J))) forms a basic set for the blocks of Si (G, (gi(J))) for the semisimple /-elements 
9i{J)- 

Given £\(q 2 — I), we will denote by Bi(J) the ^"-blocks (or, in some situations, just the irreducible 
Brauer characters) in £i(G, (s)) where s is conjugate in G* to the semisimple element gi( J) in the 
notation of [16]. In most cases, Cq*(s) has only one unipotent block, and therefore £((G,(s)) is 
a single block. However, when multiple such blocks exist, which occurs for % = 6, 7, 8, 9 when 
£\(q 2 — 1), we will denote by Bi(J)( ' the (Brauer characters in) the block corresponding in the 
Bonnafe-Rouquier correspondence to the principal block of Cg*{s) and by Bj(J)W the (characters 
in the) block corresponding to the unique other block of positive defect. Further, Bq and B\ will 
denote the (Brauer characters in the) principal block and the cyclic unipotent block, respectively, 
as described in |26j . 

3 Radical Subgroups of Sp 6 {2 a ) and Sp 4 {2 a ) 

In this section we describe the radical subgroups of Sp^^q) with q even and their normalizers. In 
PQ, J. An describes the radical subgroups for Sp2 n (l) with odd q, and his results in the first two 
sections extend to SpQ(q) when q is even and £\(q 2 — 1), so we will often refer the reader there. We 
begin by setting some notation for the subgroups of Spe(q) that will be of interest. 

Let G = Sp2n(o) with q even and let {ei, e2, e n , /1, fa, f n } be the standard symplectic 
basis for the natural module ¥ 2n for G. For r < n, we can view Sp2 r (q) as a subgroup of G by 
identification with the pointwise stabilizer stabG-(e r +i, e n , f r +i, ■■, fn), and by iterating this, we 
see that for integers r\ > r2 > ... > r n > so that s := Ya=i r i — n i we ma Y view the direct product 
Yli SP2n(o) as a subgroup of G which stabilizes (point-wise) a 2(n — s)-dimensional subspace of ¥ 2n . 
Moreover, we may further view GLf(q) as a subgroup of Sp2 r (q), so that Yl i GLf : {q) < G under 
this embedding. We will also require the embeddings GLf(q 3 ) < GL±(q) and GUi(q 2 ) < GL 2 (q). 
(Here we use the notation GL+(q) := GL r (q) and GL~(q) := GU r (q).) 
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Now specialize n = 3, so G = Spe(q), and write H := Spi(q) = stab(j(e3, fs). Suppose first 
that i\(q 2 - 1), and let e G {±1} be such that £\(q - e), with (q - e)e = £ d - (We will also write 
e for the corresponding sign ±.) Let r\ > r 2 > r$ > be as in our discussion above, and define 

Qn,r 2 ,r 3 '■= Oi [z ^n^=i GL e ri (q)^j , viewed as an ^-subgroup of G under the embedding described 

above. Then Ca(Q ri ,r 2 ,r 3 ) = SP2(n-s) (q) x Ylf=i GL e r .{q), and if q is the number of times r% appears, 
then NG(Q ri ,r 2 ,r 3 ) = "SWri-a) (?) x EI ipL e r .{q) : 2) lS Ci , where the product is now taken over the i so 
that each distinct n appears only once. (This can be seen from direct calculation, or by arguments 
similar to those in pQ Sections 1 and 2].) Here we can view GL* (q) as its image under the map 
A i-4 diag(^4, T A _1 ), possibly viewed in the overgroup Sp2 ri (q 2 ), with the C2 extension inducing 
the graph automorphism r: A \— > T A~ 1 on GL e r ,(q). When rj = for some i, we will suppress the 
notation, so that we will write, for example, Q\ rather than Qio,q, and Qn rather than Qi 1 o- 
Hence Qi,Q%, and Q3 are cyclic groups of order £ d , Q^i and Q 2i i are isomorphic to C(d x Cgd, and 
Qi,l,i is isomorphic to C(d x Cgd x Qd. Moreover, notice that Q\^\ € Syl^(-ff), and when i 7^ 3, 
€ Syl^G). 

If £ = 3, let P denote the Sylow subgroup, which is <3i,i,i x C3, or C^d ! C3, which we can view 
inside Sp-i{q)lS% < G. Write Z := Q3 and let R < GL\{q) be the embedding of the symplectic-type 
group which is the central product of Z and an extraspecial group E of order 27 with exponent 3, 
as in m (1A) and (IB)]. 

Now suppose that £\(q*+q 2 +l), and let e be so that £\{q 2 +eq+l). Write Q (3) := O e (Z(GL{ (g 3 ))). 
When £ ^ 3, Q< 3 ) is a cyclic Sylow ^-subgroup of G of order (q 2 + eq + 1)^. When £ = 3, we have 
3|(g — e) as well, and (q 2 + eq + 1)3 = 3. In this case, is a cyclic group of order 3 d+1 where 
(q - e ) 3 = 3 d . When £\(q 2 + 1), write Q( 2 ) := O e XZ(GUi{q 2 ))) so that Q( 2 ) is a cyclic Sylow 
^-subgroup of G. 

Let s := S3, S2 be a generator of Q^\Q( 2 \ respectively. Write N := Nq{{s)) and C := Cq{{s)). 
From the description in [16] of semisimple classes of G, we see that s is conjugate to s l if and only 
if i £ {±q, ...,±qi}, where j = 3,2 respectively, so that iV/C = (t,/3) is generated by r: s i-> s -1 , 
^: « 4 s'. Moreover, Cg(s 3 ) = C q s_ e and Cg(s 2 ) = Ch(s 2 ) x Sp 2 (q) = C q 2 +1 x Sp2{q), so 
AT G (Q(3)) = Cg3 _ e : 6 and iV G (Q( 2 )) = A^(Q( 2 )) x Sp 2 (g) = C q 2 +1 : 2 2 x Sp 2 (g). 

Proposition 3.1. 1. Let G = Sp§{q) with q even and let Q be a nontrivial £-radical subgroup 
of G for a prime £ 7^ 2 dividing \G\. Then: 

• If 3 7^ £\(q 2 — 1), then Q is G-conjugate to one of Qi,Q2,Q3,Qi,i,Q2,i or 

• If £ = 3\{q 2 — \), then Q is G-conjugate to one of Q±, Q2, Q3, Qi,i, Q2,i ? Qi,i,i>Q^,P 
or P. 

• J/3 7^ £|(g 4 + g 2 + 1), t/ien Q is G-conjugate to . 

• If £\(Q 2 + 1); ^ en Q * s G-conjugate to Q^> . 

2. Let H = Spn{q) with q even (viewed as stabc(e3, ^3),) and /et Q be a nontrivial £-radical 
subgroup of H for a prime £ 7^ 2 dividing \H\. Then: 

• If £\{q 2 ~ 1); ^ en Q ^ s H-conjugate to one of Q\,Q2, or Q\j_. 

• If £\{q 2 + 1), £/ien Q is H-conjugate to . 
Moreover, no two of the subgroups listed are G-conjugate. 

Proof. First, it is clear from the description in [16] of the semisimple classes of G that the listed 
subgroups each lie in a different conjugacy class of subgroups. 
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On the other hand, when £\(q 2 — 1), the relevant arguments from [H Sections 1 and 2] apply in 
the case G = Sp&{q) and H = Sp^{q) with q even, with some minor adjustments, so the remainder 
of the statement can be extracted from [H (2D)]. When £ l(q 2 - 1), a Sylow £-sub group is cyclic, 
say generated by the semisimple element s. Then any power s l of s has the same centralizer, which 
can be seen from Lemma [2,21 Moreover, this centralizer contains a cyclic direct factor C containing 
(s). Hence (s) is characteristic in the centralizer of any proper, nontrivial subgroup (s l ) of the 
Sylow subgroup (s), so (s l ) cannot be ^-radical. □ 

4 Characters of Ng{Q) 

Let G = Spe(q). In this section, we describe the characters of Nq(Q) that will be of interest, 
and in particular the defect-zero characters of Ng(Q)/Q, for radical subgroups Q of G. Recall 
that for£\(q 2 -l), we have radical subgroups Qi, Q2, Q3, Qi,i, Q21, and Qi 1 1, with the additional 
subgroups Q( 3 \P, and R when £ = 3. So, when referring to Qi, Q2, Q3, Qi,i, Q2,i, and Qi,i,i we 
will assume £\(q 2 - 1), without necessarily assuming that £ 7^ 3, unless otherwise stated. When 
referring to P, R, we assume £ = 3, when referring to , we assume ^|(g 4 + q 2 + 1), with the 
possibility that £ = 3, and when referring to Q^ 2 \ we assume £\{q 2 + 1). Throughout this section, 
let e € {±1} such that £\(q 3 — e), if such an e exists. 

Let Q be an ^-radical subgroup, and write N := Nq(Q) and C := Cq{Q)- The characters of N 
that we are interested in are those which are defect-zero characters of N / Q or height-zero characters 
of iV with defect group Q. In either case, these characters will be x 6 Irr(iV) with x(X)t = \N/Q\t- 
So if Q = Qi,Q2, or Q3, we have x(l)i = except in the case Q3 when £ = 3, in which case 
x (l) 3 = 32*4-1. If Q = Q 1X or Q 2 ,i, then x(l)t = and if Q is a Sylow subgroup, x(X)t = L If 
Q = Qi,l,i,Q (3) or R when £ = 3\(q 2 - 1), then x(l)a = 3. In most cases, it will suffice for our 
purposes to describe the constituents of x when restricted to C, and to keep in mind the action of 
N/C on C and its characters. 

In many of the groups we are concerned with, we have an extension of a subgroup by Ci- 
Suppose that X = Y : 2, with the order-two automorphism on Y denoted by r. By Clifford theory, 
a character x G Irr(X) satisfies xjy = 9 + 9 T if an irreducible constituent of x|y is not invariant 
under the automorphism r, and in this case, x = @ X = (@ T ) X ■ Since X/Y is cyclic, if a constituent 
8 is invariant under r, then x\y = &■ In this case, Gallagher's theorem tells us that there are 
two such characters Xt namely x and X^ where A is the nonprincipal character of X/Y = C2. In 
particular, x G Irr(X) has degree x(^) = 20(1) or 0(1) for some £ Irr(Y). In general, when a 
character of Y < X extends to X, we will sometimes write 6^ u > for the character 9v of X with 
v € X/Y by Gallagher's theorem. 

We note that from the discussions below for Nq(Q), it will also be easy to see the characters 
of interest for Nh(Q) with H = Sp^{q) by similar arguments. 

4.1 Characters of Some Relevant Subgroups 

From Section[3j we see that when £\(q 4 — 1), the characters of the groups GL%{q) : 2, for r = 1,2, 3, 
Sp4,(q), and SL2(q) = Sp2{q) will play a large role for many of the radical subgroups, so we discuss 
the characters of these groups here. Recall that the C2 extension of GL e r (q) acts on GL € r (q) via 
A^ T A-\ 

First let £\(q — e) for e € {±1}- Let ifi G Irr(C 9 _ e ) = Irr(GLf (q)) denote the linear character 
which maps Q h-> where CX are CiiCi or £i>£i> in the cases e = 1 and —1, respectively. Then 
tpj = ip—i, so ifi is invariant under r exactly when (q — e)\i, i.e., when </>j = 1. Hence an irreducible 
character of GL\(q) : 2 which is nontrivial on GL\(q) can be identified by a constituent of its 
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restriction to GL\(q), and therefore can be labeled by ipi for i G I q - e - Moreover, there are two 
characters of GL\(q) : 2 which are trivial on GL\(q), corresponding to the two characters {±1} of 
C2, by Gallagher's theorem. 

Writing GL 2 {q) = C q - t x SL2(q), we note that r induces an inner automorphism of 6X2 (g), so 
fixes all characters of SZ^g), and the action of r on C q ~ e is the same as above. So, we will write 
ip = ((fi,ip) for the character of GL 2 (q) = C q - e x SL2(q), with (fi as above, and ip G In^SZ^ ((/)). 
Now, the only series of characters of ST^g) = 5^2 (g) with degree divisible by £ is Xi(j) when e = 1 
and X3(j) when e = — 1, with degrees q — e and indexing j G I q + e (see, for example, the character 
table information in CHEVIE [TO]). When the context is clear, we will write x*(j) f° r the proper 
character Xi(j) or X3U) °f SL2(q). (Also, when ^|(g 2 + 1), note that no character of SL2(q) has 
degree divisible by £.) 

Now consider GL\(q) : 2. The characters xs(i) of GX^g) (in the notation of CHEVIE [TO]), 
indexed by 1 < i < g 3 — e with (g 2 + eq + 1) and XsW = XsiQi) = X8(g 2 *) ; each have degree 
(q — e) 2 (q + e) and are the only characters of GL\{q) of degree divisible by £ 2d when ^|(g 2 — 1). 
Inspection of the character table in CHEVIE reveals that Xs(*) T = Xs( — i) an d no character in this 
series is invariant under r. So, the characters we will be concerned with for this group are of the 
form xsW + Xs( — i) on GL§(g) and are indexed by i G I q 3- t - 

Finally, when £\(q — e), the irreducible characters 9 of Spi(q) with 6{l)i = £ 2d are those in the 
families (in the notation of CHEVIE) xs, Xis(0> Xw(h j) when e = 1 and X2, Xi5(h J); Xis(^) when 
e = — 1. We note that X2 and X5 are t ne Weil characters p\ and 02, respectively, in the notation 
of [TTJ. Also, note that the indexing for the families Xi5^> j) is (hj) € -f 2 *i, for Xis(*) is i G ^ q 2 +1 , 
and for Xig(i, j) is i, j G I 2 + v 

When Q G SyLj(G'), all characters of Ng(Q) have defect group Q (see for example [TOJ Corol- 
lary (15.39)]), since Q is an radical subgroup and Q G SyL^A^Q)). Hence in this case, 
Itt (N g (Q)\Q)=Ivv £I (N g (Q)). 

4.2 Q = Qi 

Let Q := Qi with £|(g - e), so that N = (GL\(q) : 2) x Sp±(q) and C = GL\{q) x Sp 4 (g) from 
Section Let x G Irr(A) with x(l)f = If X is nontrivial on GLf(g), Clifford theory and the 
discussion in Section B~T1 yield that x is uniquely determined by a constituent ((fi,ip) of x|c> where 
i G /q-c and ip G Irr(5j»4(g)) is one of the characters described in Section 14.11 If x is trivial on 
GL\(q) then x\c = (Ij^O (with ^ again as above) is irreducible, and there are two choices for x 
for each such choice of ip. 

Now, to be a character of N/Q, we require that Q be in the kernel. As Q = 0^{GL\(q)), we 
see that this means dz(N/Q) is comprised of the two characters with constituent (1, V') on C and 
the characters with constituent {ifi,ip) on C with ip as above and i G I q - e such that £ d \i. 

4.3 Q = Q 2 

Let Q = Q2, so N = (GL 2 (q) : 2) x Sp2(q) and C = GL 2 (q) x Sp2{q). Recall that we view 
GL 2 (q) as C 5 _ e x SL2(q). The characters of A satisfying x(l)^ = ^ 2d have constituents of the form 
((^i; X*0'))i X*(^)); with </?j and x* as in Section FPU If x is nontrivial on C q - t , then again it is 
uniquely determined by a choice of i G I q - e and (j, fc) G -fg +e . If X is trivial on C q - e , then x|c is 
irreducible and there are again two choices of x with x\c = ((!> X*(j))> X*(k)). 

Now, to be a character of N/Q, we require that Q be in the kernel. As Q = 0^{C q ^ t ), we see 
that this means dz(A/Q) is comprised of the two characters with constituent ((1, x(j)), xW) on 
C and the characters with constituent ((<fi,X*(j))iX*(k)) on C with £ d \i G I q - e and (j,k) G I q+e - 
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4.4 Q = Q 3 



Let Q = Q 3 with £\(q - e). Then N = GL\(q) : 2 = C : 2. Using the character table in CHEVIE 
|10| . we see that when £ = 3, there are no characters for GL^(q) (and hence there are no such 
characters for N) with degree 3 M+1 . Hence dz(N/Q) and Irro(iV|<5) are empty in this case. 

For the remainder of our discussion of Q = Q3 , we assume £ ^ 3 and x G Irr(iV) with xC 1 )^ = 
Then x|c = Xs(^) + Xs( — i) with i G I q - e - To be a character of N/Q, x must be trivial on Q, 
which under our identification is the subgroup Oi(Z(C)), which consists of representatives of the 
conjugacy classes C\(k) for m\k of GL\(q) in the notation of CHEVIE. Now, on the class C\(k) of 
GLz(q), the character Xs(i) takes the value (q — l) 2 (q + l)Ci fc > and on the class C\{k) of GUs(q), 
Xs(^) takes the value (q + l) 2 (q — l)(,\ k - Hence we see that Q is in the kernel of Xs(i) exactly when 
£ d \i. So dz(N/Q) is comprised of the q ^ q+ ^ m characters of N with x\c = XsW + Xs( — *)> * G -f g 3_ e 
with 

4.5 Q = Q 1A 

Let Q = Qi,i with^|(g-e). Then iV = (GLJ(g) : 2)lS 2 xSp 2 {q) and C = GL\ (q) x GLf ( 9 ) x Sp 2 {q) 
from Section [3l Let L := {GL\{q) : 2) x (GL\{q) : 2) x Sp 2 (q) and let w denote the action of S 2 on 
L, which fixes Sp 2 (q) and switches the two copies of GL\(q) : 2 = C q ~ e : 2. Note that the character 
(if, (p', 6) € Irr(L) = Irr(C g _ e : 2) x Irr(C g _ e : 2) x In(Sp 2 (q)) is invariant under oj if and only if 
ip = iff . Hence the characters x of iV with x(l)^ = l d can be described as follows. 

There is a unique such character of N whose restriction to C contains the constituent (tpi, tpj, x*(&)) 
for i j^z j £ Iq- e , k £ I q+e and two whose restriction to C contains the constituent ((fi, (fi, x*(&)) or 
(cpi,l,X*(k)) for i G Iq- e ,k G Iq+e- Finally, there are five such characters which have constituent 
(l,l,X*(k)) for each k G Iq+e, so are trivial on GL\{q) x GL\{q). (These correspond to the five 
characters of C 2 I S 2 , which we will later write as (lW, and l^ 1 ))^), 

where A G {±1} = Irr(C 2 ).) 

Since Q = Oi ((GL|(g)) 2 ), to be trivial on Q, the characters as listed above must satisfy that 
in addition, £ d \i for all of the (fi occurring in the restriction to C. 

4.6 Q = Q 2 ,i 

When Q = Q 2 ,i, we have N = (GL\(q) : 2) x {GL\(q) : 2) and C = GL\(q) x GL\{q). Here 
characters of N/Q of defect zero or height-zero characters of N with defect group Q will have 
x(l)^ = £ d - Hence x must be of the form (9, ip) where 6 G Irr(GL|(g) : 2) is as in the case Q = Q 2 
and (p is any member of Irr(C 9 _ e : 2) as described in Section T4. 11 To be trivial on Q, we again only 
further require £ d \i for any ipi occurring in the restriction to C. 

4.7 Q = Q 1X1 

Let Q = Qi 1,1, with £\{q - e), so N = {GL\{q) : 2) I S 3 and C = {GL\(q)f . Also, write L : = 
(GL\(q) : 2)^ to denote the normal subgroup of iV with quotient S3. Let 6 = \tp,(p',ip") G Irr(L) = 
Irr(Cq_ e : 2) 3 be a constituent of x G Irr(iV) when restricted to L. Then 9 is invariant under the 
S3 action if and only if ip = ip' = <p". In this case, 9 extends to a character of N and we get three 
such characters, corresponding to the three characters of the quotient N/L = S3, by Gallagher's 
theorem, with degrees 9(1), 9(1), and 29(1). 

Moreover, 9 has a stabilizer T := Ng in TV with \T/L\ = 2 precisely when exactly two of ip, 
ip' , and ip" are the same. In this case, we get two extensions to T, and the character x of N is 
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determined by a constituent on T. Let to denote a 3-cycle in S3. Then the two characters of N 
with constituent 9 on L have restriction to L as 9 + 9 W + 9 U and have degree 30(1). 

Finally, if cp 7^ </?' 7^ c//', then the irreducible character 9 = (cp, cp' , cp") of L has stabilizer A# = L. 
Hence such a character is uniquely determined by a constituent 9 on L, restricts to L as X]pes 3 ^ P > 
and has degree 60(1). 

From here, the number and indexing of each type of character can be seen easily from the 
description of characters of C q - e : 2. 

Now, if £ 7^ 3, then every character of N satisfies x(^)i = 1) as desired. If I = 3, all except those 
characters whose restriction x\l to L has a constituent (cp,cp,cp) satisfy the condition x(l)3 = 3. 
Now, to be trivial on Q, we again just need to further require that £ d \i for any <pi appearing in the 
restriction to a copy of C q - e : 2. 

4.8 Q = P 

Now suppose Q = P with £ = 3|(g — e). Direct calculation and arguments analogous to those in 
PQ show that [U Formula (2.5)] holds for Q, and we have N/Q = (C m : 2) x C 2 - Certainly, any 
character of N/Q has defect zero since P is a Sylow 3- subgroup of G. We can view C m : 2 as a 
quotient of C q - e : 2 and as such, the characters of C m : 2 are of the form 1^, l^ -1 ), and Ind^*"*' 2 ^, 
where 3 d \i, as before. For the C 2 factor, let (A) = Irr(C2). 

Write Pi := Qi,i,i, and note that P = Pi x C 3 . Then C < C G {Pi) = (Cq_ e ) 3 , and since 
C must commute with the C3-action, we see that in fact C = C q - t is the subgroup consisting 
of (x,x,x) € (C 9 _ e ) 3 for x G C q - e . Now, iV is as in [TJ Formula (2.5)] and can be written as 
a semidirect product K X S3, where K < (C q ^ e : 2) 3 is comprised of elements (X,Y,Z) where 
X,Y,Z £ Cq_ e : 2 belong to the same coset modulo C 3 d. Let cp G Irro(iV|P) = Irr 3 /(iV). Since Pi is 
normal in N, we know by Clifford theory that <p\p 1 is the sum of A^-conjugates of some , /x fc ), 

with fx the character of C 3 d that sends a generator to a fixed primitive 3 d root of unity in C and 
< i,j,k < 3 d — 1. If the fc are not all the same, then the S3 action will cause the number 
of distinct conjugates in this decomposition to be a multiple of 3, and hence cp will have degree 
divisible by 3, contradicting the fact that ip has height zero. Hence an irreducible constituent of 
the restriction of cp to Pi is of the form 9i := (/j 1 , //, //) for some < i < 3 d — 1. 

Now, we can write K = (Pi x C m ) : 2 (here C m < C), and let J := Pi x C m be the index-2 
subgroup. The extensions of 9i to J are of the form 9$ where cp G Irr(C TO ), and each 9i4> is invariant 
under the S3 action, so extends to J x S3. (This can be seen, for example, from \\.2\ (11.31) and 
(6.20)].) 

Further, 6{(f) restricts to C as cpj for some < j < q — e — 1, and this restriction uniquely 
determines i and 4> (indeed, cpj = //(/>)• From here, we see that if cp\c contains a nontrivial 
constituent, then cp\x is uniquely determined by a constituent cpj for j G I q ~ t of the restriction to 
C, and for each such choice of j there are 3 characters cp of N, by Gallagher's theorem. Moreover, 
there are 6 characters cp G Irro(iV|P) with C < kery?, also by Gallagher's theorem. 

4.9 Q = R 

Let £ = 3\(q — e) with (q — 5)3/ = m,(q — 6)3 = 3 d , and let Q = R be the group Z ■ E27 < GL\(q) 
viewed as a subgroup of G as in Section [3l Then arguing as in [1] (1C)], we see iV := Nq(R) has 
an index two subgroup iV° satisfying N/N° = N G (Z)/C G (Z) = C 2 . Further, R < iV , and we have 
N/R = (N° /R).2, with the order-2 automorphism given by the action of the map r: A <— > (A T )~ 1 
on GL e 3 (q). Also, Sp 2 (3) ^ Ar o /(PZ(Ar°)) ^ {N° /R)/(RZ(N°)/R), so A^/P contains a quotient 
group isomorphic to Sp2(3). Moreover, each linear character of RZ(N°) /R = Z{N°) / {RC\Z(N°)) = 
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Z(N°)/O s (Z(N°)) = C m is extendable to a character of N°/R (again arguing as in [TJ (1C)]). 
Hence by Gallagher's theorem, the characters of N°/R are exactly the characters 0/3 with € 
lrr(RZ(N°)/R) = Irr(C m ) and (3 € Irr(JV° /(RZ(N )) = Irr(5p 2 (3)). 

Since \N/R\ = 2m|5p2(3)|, we have that a defect-zero character of N/R will have x(l)3 = 3. 
Since N°/R has index 2 in N/R, the constituents of the restriction of x to N°/R must satisfy 
this degree condition as well, so we require that (3 have degree divisible by 3. Since 5^2 (3) has 
exactly one such character (namely, the Steinberg character, of degree 3), we will henceforth use 
(3 to denote this Steinberg character. Note that f3 is invariant under the action of r, and that as 
before, the principal character is the only character of C m invariant under r. 

This yields + 2 defect -zero characters of N/R, which we will denote by 1^/3, 1*- ^ f3, and 
tfi/3 for i 6 I q _ e with 3 d \i, where by an abuse of notation, ipi/3 represents the defect-zero character 
whose restriction to RZ(N°)/R = C m contains <pi as a constituent and lM/3, l^ -1 )/? are the two 
extensions to N/R of defect-zero characters of N°/R trivial on RZ(N°)/R. 

4.10 Q = 

Let Q = Q (3) with ^|(g 2 + eg + 1), so N = C : 6, and C = C q s_ e . Let r,/3 be as in Section^ so that 
N/C = (t,/3). Let fa E Irr(C) be the character which maps £ i— > Q, where £ is a fixed generator 
of C and ( = exp (^^^-\- Let % G Irr(iV) and let fa be a constituent of x\c- Note that ^ is 

invariant under the action of j3 if and only if (q 2 + eq + 

Now, since </>j 7^ <p-i for any i ^ 0, it follows that if (q 2 + eq + 1) J(i, then fa has stabilizer C in 
N, and x is uniquely determined by a constituent fa on C for i £ I q 3- e - If ^ 7^ and (g 2 + eg+ l)|i, 
then </>j has [iV : stabjv(</)j)] = 2, and [stabAr((/>j) : C] = 3. In this case, there are three choices of 
X that restrict to C as the sum fa + 4>—i- That is, we obtain three characters x f° r a choice of 
constituent ^ for i G /<j- e . Finally, there are six characters x with C < ker^. 

When £ 7^ 3, Q is a Sylow ^-subgroup of G and every character of iV has degree prime to t, and 
hence Irr (JV|Q) = Irr^(TV) = Irr(iV). 

When I = 3, recall that a defect-zero character of iV/Q or a height-zero character of N with 
defect group Q will have x(l)3 = 3. Let x be such a character, with constituent fa on C. Then 
|stabjv(0i) I cannot be divisible by 3, so fa must not be stabilized by (3 and we see (q 2 + eq + 1) J(i. 
Hence the characters with x(l)3 = 3 are exactly those with constituent fa on C with (q 2 + eq + l) J(i. 
To be trivial on Q, we just further require that 3 d+1 |l 

4.11 Q = 

Now let t\ {q 2 + 1) and let Q = be a Sylow ^-sub group of G. Then again Irro(iV|Q) = Irr^'(iV) = 
Irr(iV), as N = {C q 2 ±l : 2 2 ) x Sp 2 (q). Recall C = C ?2+1 x Sp 2 (q). 

Fix a generator £2 of C g 2 +1 and let i?j denote the character of C q 2 +1 so that tfifa) = £ 2 - Then 
since £2 7^ £2"* or £ 2 9 f° r 2 7^ 0, we see that stabjv($i) = C. Hence if x € Irr(TV) is nontrivial on 
C q 2 + i, then x is uniquely determined by a constituent #j x 6*, for z G ^ g 2 +1 and € Irr(Sp2 (</))• For 
each choice of £ ln(Sp2(q)), we also have 4 characters of ./V whose restriction to C g 2 +1 is trivial. 

5 The Maps 

In Section I5.1|. for radical subgroups Q, we describe disjoint sets Irro(G|Q) and Irro(iVjQ) and 
bijections £Iq : Irro(G|Q) O 1ttq(N\Q). In Section [6] below, we show that in fact Irro(G|Q) = 
Ittq (G\Q) and Irro(iV|Q) = Irro (iV"|Q), and that these are the required maps for the reduction 
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of the Alperin-McKay conjecture in [23J. In Section 15.21 we also define maps *q : IBr^(G|Q) — > 
<1z(Ng(Q)/Q), which we show in Section [6] are the required maps for the reduction of the (B)AWC 
in [23]. (We define the sets IBrt(G\Q), 1vvq (G\Q), and 1vtq (N\Q) to be the sets of characters 
involved in the maps described here.) Also, in most cases, the characters for N here will be given 
by the description of an irreducible constituent of C. That is, the maps we describe will be from 
a given set of characters of G to the set of characters of N with a given restriction to C. In these 
situations, the choice of bijection between these two sets does not matter, as long as the choice of 
image for a given family of characters is consistent throughout the choices of indexes J. In Section 
15.31 we give similar maps for Spi(q). 



5.1 The maps fig 

As usual, N will denote Nq(Q) for the ^-radical subgroup Q when the group Q we are discussing 
is evident, and e is such that £\(q 3 — e). Below are the maps Qq : Ittq (G\Q) <-> Ittq (N\Q) for each 
^-radical Q. 

£\(q 2 -l). 

{xs.Xn} i-+ (1,02) e= 1 
{X4,X9> (i.Pl) e=-l 

Xir(i) 1-+ (<ft,<*2) e = 1 
X20W (Vi,pl) e = -1 



First, let ^|(<f - 1). 

^ { 



/ £23(1, j) (l,X19(i,i)) e = l /. .n ,2* 
1 £ir(i,i)^(l,Xl5(i,i)) e=-l l*'^ 6i «+« 

£24(1) (l,Xl8(i)) (for e = 1 or -1), i £ / ? 2 +1 

/ £a8(»,j,fc) >-> (Vt,Xl90'i*)) e=1 ,■ c r (j M c f 2 * 

\ £26(i,fc,i))^(^,Xl5(i,fc)) e=-l *fc^-e,U,«;fci, + e 



O . / £ 9(0 \ {X29(«)} /„.v /.» 6=1 

\ £ 8 (i)\{X26(i)} h *( 1 'X*P H )'X*M) e = _i 

{ &!(HJ ^(WMi.X.(«a),X.(i)) /J. 1 ! i = «(« + e) + fa(«-e)6V-i,36l ( ff. 



(Recall that x* = X4 i n the case £\(q — 1) and X3 in the case £\(q + 1).) There are no blocks 
with defect group Q 3 when £ = 3\(q 2 -l), but we have the additional radical subgroup in this 
case, which does appear as a defect group. 



n Q3 (£31® (i] 6 = 1 ie/ n Q (s) . r £ 3 i(i) , e = i 

(/^3) • \ £ 3 4(i) X8W e = -l J£ V-, (£ = 3) • \ £T 34 (i) ^ e = _i 



/ £V(») \{X23(i)} n 1 v r;^ e = 1 ;cr 
i £ 6 (i)\{ X i4«} ^ (M '** W) e = -l ie/ ^ 



£is(*> j) 1 1 w e = 1 



q J — e 
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L Ql, 



i S I „ 



lit :=-x 

£19(1) !-> (V2ii,X*( 2i 2), 1) (for e = 1 or -1), i = + e) + i 2 (g - e) e i" g 2_! 
f £27(i,j) , x \ e = 1 



* = »i(g + e) + »a(g - e) 6 I q a-i,j e J, 



Now, when Q = Qi,i,i, we must again distinguish between the cases £ ^ 3 and £ = 3. Recall 
that when ^ 7^ 3, <2i,i,i € SyLj(G). The maps ^Iq 1a1 for the two cases are: 

(^3) I £i\{x4,X9i e_-l (<='s) ■ 1 6r(0\{xao(i)} •"►W.M) e = _! 



^7(*)\{X2oW} ' e = -l 



£«,(i) ^(W'^'W) e =-l 



^(W'^ 1 ) e =_i 



{£(• ■■) _ j 6 Iq—e> m does not divide one of i,j 

/ftafti) , , e = l r . w2 ^>^) , = -i 

i eji,j) ^ e = _ x (*.*)£/,_. (i,i) e ^ £ ^±j modm 

f £25('i,j,k) , . e = l / £25(1, j,k) , . e = 1 

( £ 32 (U,fc) ^'^'"^ ,= -1 ( ^.(iliifc) ^(W'W'V*) e =_l 

(i,j,k) e I*l e (i,j,k) e/£* e ;i;^±j ^ ±k ±i mod m 



In the case that £ = 3, we have excluded the cases when m divides all indices, since then the 
£i( J) given above actually lie in the principal block, so have defect group P. Similarly, if m divides 
i, then ipi maps a q — e root of unity to an £ d root, so if m divides all indices, then the image iOg in 

of the central character for the character 6 of N is the same as that for the principal character 
ljv- Hence they lie in the same block and 8 has defect group P, which is also a Sylow ^-subgroup 
of N. 

Moreover, in the cases of £ie(i, j), €25 (i, j\ k) (resp. £22(1, j), £32(1, j, k)) (for 3\(q — 1), resp. 
3|(q + 1)), we must also exclude any case where the indices are all equivalent (but nonzero) modulo 
m, as then these series lie in the block Bg(k) (resp. Bg(k)) for some k € I q - e with 3 d \k, which also 
has defect group P. 

Now, when £ = 3, let P 6 Syl 3 (G). The map £lp is as follows: 



1 {xi,X2,X5,X8,Xii,Xi2} e = -l 

£% ^(«») e = -l 



We will see that the 3-radical subgroup R when £ = 3\(q 2 — 1) does not appear as a defect group 
for any block of G, which is why we have no map Qr. (See part (2) of the proof of Proposition 

MM) ' 
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Suppose now that 3 ^ £\(q 4 + q 2 + 1) so that G SyL.(G) is the unique (up to conjugacy) 
radical subgroup. Let £\(q 2 + eq + 1). The map Qq(3) in this case is: 



n Q<3) . f {X1>X3,X4,X9:X10,X12} ^ (I) 6=1 

(i^=3) \ {xi:X2,X5,X8,Xii.Xi2} e=-l 

^V+^+d* e = _i * e/ *-< 



£ 34 (i) e = -l 



Now let ^|(g 2 + 1). Then Q := G Syl £ (G) and Irr (G|Q) = Irr^(G). Let b and h be the 
unipotent ^-blocks of G, as in [26], and let denote the unipotent characters in the block 6. The 
map fig(2) is as follows: 



fl Q{2) : U(bo) >-> (1,1) 
«(6i) ^ (1,X2) 

£e(i) \ {xis(i), Xie(i)} >"> (!. Xs(i)) i 6 7,-1 
£rW \ fci(i),X22(i)} m- (1,X4(«)) » e 
X55(i) t-> i£/,2 +1 

X5s(i) (#i,X2) ' e V+i 

X620',i) >-> (tfjjXsO")) ' £ V+l! 3 £ Iq-1 



We remark that here we have used the notation of CHEVIE [10] for the characters of Sp2(q)- 
We also remark that the fact that for all of the above maps, the number of characters of N 
with the same constituents on Cg(Q) matches the number of x G Irr(G) that we have mapped to 
them, follows from the discussion in Section [J] and the Bonnafe-Rouquier correspondence together 
with the knowledge of Cg*(s) and its unipotent blocks for semisimple s G G* . The indexing sets 
for the £i(J) are evident from [16] - note that they match the indexing sets for the images under 
Qq, as described in Section [H 

5.2 The maps *q 

We now define bijections *q : IBr^(G|Q) O dz(N/Q) for each ^-radical Q. 



(1><*2) e 

B 7 (i)W k> fe,p|) 



-1 



Bir(i,j) 



(i,xi9(*,i)) 

(l>Xi5(i,i)) 



1 



, (i,i)e/& e 

B 24 (i) >-> (1,X18(«)) (for e = 1 or -1) i £ / g2+1 
| B 2 s{i,j,k) \-+ (¥>i,X19(j,k)) 



B26(j,k,i)) 
-B33O', ») 



+ (^i.XisO'.fc)) 

(^i.xisO')) ' 



1 



-1 
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f B g (i)(°) ., ,„.. .... e = l . T 

*Q 2 : | B g(i)(o) ^ (*> *><»' *>M) e = _i 1 e 



{ ^(^n-X»(2i 2 ),X*(i)) /J^ i = ii(5 + e) + M(5-e)eV_i ) / d |i; 3 € /,+« 

Recall that when Q = Q3, there are no defect-zero characters of N/Q when £ = 3 1 (e? 2 — 1), and 
that when £ = 3, we have the additional cyclic 3-radical subgroup Q^ 3 \ 

f B7(j) (()) , e = l 

*Qi,i : I B 6 (i)(°) -►(M.x.W) e = -1 *e/ 9+e 

B2o(i,j) 



B 20 (j,i) ^ (.<Pi,hX*(j)) e = _! i6/,- e ,^|i; je/ 9+e 



Bl9(i) >-> (V2ii, X*(2i 2 ), 1) ( for e = 1 or -1), i = h (<? + e) + i 2 (q - e) £ I q 2_ 1 ,e d \i 

{ B»(iJ) ^(vwi.X.C^),^) / = = _\ i = ii(9 + e)+«(5-e)e V_i; j G J,- e ; <? d |i,j 

Suppose £ 7^ 3 so that Qi,i,i € SyLj(G). The map *q 1 x x in this case is: 
:fi o^ (M,D 

{ Ss(!) -^(W'W' 1 ) e = = _i ie/,-.,^ 

{ S3(i'j : ) ^(^W' 1 ) e = = -l 

-(^^) e = = _i (i.i.*)e/i* ei 

Now suppose that £ = 3. Then we will distribute i?o between the three sets IBr3(G|<5i,i,i), 
IBr 3 (G|P), and TBv 3 (G\R). Of the 10 Brauer characters in B 0} we require that four of these belong 
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to IBr3(Gr|Qi 1 1), another four belong to lBr-^(G\P), and the final two belong to IBi3(G\R). In 
fact, the choice of this partition is arbitrary, as long as the number of characters assigned to each 
subgroup is correct, so we will simply write Bq = £?o(Ql,i,l) U Bq(P) U Bq(R) for an appropriate 
partition. Similarly, of the three Brauer characters of the block Bg(i) with 3 d \i (resp. Bg(i)) when 
£\(q — l) (resp. £\(q + 1)), we require that two of these are members of IBr3(G|P) and the other is a 
member of IBr3(G|-R). Again, the partition is arbitrary, and we will write Bg(i) = B$(i, P)UBg(i, R) 
(resp. Bg(i) = Bg(i, P)UBg(i, R)) for an appropriate partition. Below are the corresponding maps. 



3 1 ) :B (Qi lM )^(lM,lM,lW), ^/.6{±1} 



Note that for the image of Bq(Q\ 11), we have used the notation for the constituent when 
restricted to L rather than C. To describe the maps *p and *r, we use the notation of characters 
of N described in Section SJ 

(/= 3) : B o( p ) -> {±i» (/= 3) ; * {1< " )/3; " e {±1}} 

{28:3 -«-.A, ): , e{± i }} {28$ 



5.3 The Maps for Sp 4 (2 a ) 

Here we will use the notation of [25] for blocks of Sp±{q), with g even. We will also write simply B 
rather than IBr£(i?) for the Brauer characters in B when defining our maps *q. Let i\(q 2 — 1). 



?I ' \ B 7 (i 



' yi I {X7(»),XsW} w w ' ' e = - 



Bl3(0 

BuW 
B w (i) 



(X*(2i),l) / = 
(x*(2u),SP2i 2 ) 



i e I, 



9+e n c 



{X13(i)>X14(*)} 

{xii(*).xi2(*)} 



(X«(2i),l) 

£8! -^).^) 

i = - e) + i 2 (<? + e) 6 



i e I, 



9 + e 



* = »1 (<? - e ) + *2 (<? + e) 6 



2-1 
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*q m : B (1, 1) «Q M 

Now let ^|(g 2 + 1), so Q = Q( 2 ) G Sy^il). 

f^Q(2) : {Xl,X2,X5,X6} i-> (1) 

Xis(i) n- i 6 I 3 2 +1 

6 5'j96(2 a ) and 5]?4(2 a ) are Good for the Conjectures 

In this section, we prove Theorem II .11 We begin with a discussion regarding the automorphisms 
of G = Sp 6 (2 a ) and H = Sp A (2 a ). 

Let Q be an ^-radical subgroup of G = SpQ(2 a ), where I 7^ 2 is a divisor of \G\. Let a<i be the 
field automorphism of G induced by the Frobenius map F2 : x 1— > x 2 . That is, {a^Y 2 = (afj) for (ay) 
some matrix in G. Then Aut(G) = (G, 1T2). Let Q be an ^-radical subgroup of G. If Q is generated 
by diagonal matrices and matrices with entries in F2, then Q a ' 2 = Q, and we will write a := 02- 
Otherwise, Q is conjugate in Sp§(¥ q ) to a group D of this form. Moreover, the G-conjugacy class of 
Q is determined by D, so since D a2 = D, we know that there is some a G Aut(G) so that Q a = Q 
and Aut(G) = (G,a). For the remainder of this section, given the ^-radical subgroup Q, a will 
denote this automorphism. 

Now let H = Sp A {2 a ). Then Out(-ff) is still cyclic, generated by a graph automorphism 72. 
Now, the action of 72 switches the fundamental roots of the root system of type B2, and the action 
on the elements of H can be seen from [BJ Proposition 12.3.3]. We see that 72 satisfies 7! = 02. 
We may then replace 72 with some 7 which fixes a Sylow ^-subgroup and satisfies 7 2 = a. 

Proposition 6.1. Let G = Spe(q), with q = 2 a , t ^ 2 a prime dividing \G\, and Q < G a 
nontrivial i-radical subgroup. Then the maps VLq and *q (for £\(q 2 — I)) described in Section^ are 
Aut(G)-equivariant. 

Proof. Let % G Irr (G|Q) (resp. x G lBn{G\Q)) as defined in Section El Since Out(G) = 
Aut(G)/G = C a is cyclic, it suffices to show that (Q Q (x)) a = ^q(x ct ) (resp. {x* Q Y = (x a )* Q ) for 
a generator, a, of Out(G). In particular, let a be the automorphism of G described above and note 
that we can write a = yoi for some y G G. 

(1) Note that a fixes the unipotent classes of G. Now, a semisimple class of G is deter- 
mined by its eigenvalues (possibly in an extension field of ¥ q ) on the action of the natural module 
(ei, &ii 63, fi, /2, /3)f, of G. Hence, as the action of a on semisimple classes of G is to square the 
eigenvalues, we see that a sends the class Cj(ji, j'2, J3) of G (in the notation of CHEVIE [10], with 
the possibility of some of the indices jk being null) to the class Cj(2ji, 2j2, 2j%) (which we mention 
is also equal to the class Cj(— 2ji, — 2j%, —2j^)). 

Let 8 G Irr(G). Then 9 a (g) = 9{g <T ) for g G G. From the observations in the above paragraph 
and careful inspection of the character values for irreducible characters of G in CHEVIE and [16], 
we see that the character Xi{jii h-, 3%) (again in the notation of CHEVIE) is mapped under a to 



: {xiiX3.X4,XS.Xe} >-> (1, 1) 

f {X7(i),X8(i)} , ^ e = l ■ , 
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Xi(2ji, 2j2, 2js). That is, a preserves the family of a character, and in the notation of Section 
£i{jy = £j(2J), where 2J = (2j 1 ,..,2j k ) for an indexing set J = (ji, j fc ). 

Now, as discussed in Section [2] the set £i(J) forms a basic set for the block Bi(J), so by writing 
<p £ Bi(J) as a linear combination of the 6 for 9 € £%(J), we see that Bi{J) a = Bi(2J), with the 
character families preserved. Also, note that both Brauer and ordinary characters of unipotent 
blocks of G are fixed under a. 

(2) Now, by similar argument to part (1), the action of a on the irreducible ordinary characters 
of Spi(q), SL2(q), and GLf(q) that we require in the descriptions of dz(N/Q) and Jxtq(N\Q) is 
analogous to the action on Irr(G). That is, these characters are indexed in a similar fashion 
{XitiuhJs)} in CHEVIE, and we have Xi(juh,hY = Xi(2ji,2j 2 ,2j 3 ). 

(3) From the description of the action of a on semisimple and unipotent classes of G, we see 
that a squares the elements of GL\{q) and commutes with r. Hence when it occurs in N, the 
character of GL\{q) : 2 with (pi as a constituent on GL\(q) is mapped under a to the character 
with <f2i as a constituent. (When i = 0, the choice ±1 of extension is fixed as well.) Similarly, the 
action of a on Irr(C„3_ e : 6) (resp. Irr(C g 2 +1 : 2 2 )) is to send the character with fa (resp. t?j) as 
a constituent to the one with <p 2 i (resp. #2i) as a constituent and fix the characters with i = 0, 
since a squares elements of C q 3_ e or C q 2 + i and commutes with the action of the generators of the 
order-6 or 4 complement. 

(4) The observations in (1) - (3) imply that {£Iq{x)Y = ^q(x ct ) (resp. (x* Q Y = (x a )* Q ) for 
our choice of generator a, except possibly when Q = P or R and £ = 3\(q 2 — 1). 

Now, when Q = P, the discussion on height-zero characters of P, combined with (3) and the 
fact that a commutes with the action of the S^-subgroup of N yields that the character ipi/3 of P 
(in the notation from Section f4|) is mapped to <f2iP under a. Hence again in this case, the maps 
are equivariant. 

Finally, let Q = R. Since £Ir is trivial, we need only consider the map *r, and therefore the 
members of dz(N(j(R)/R)- By Section HI this set is comprised of the characters tfi(3 with 3 d \i, 
where (3 £ Irr(5p2(3)) is the Steinberg character and (recall the abuse of notation) tpi = ip_i is the 
character whose restriction to C q - e contains tpi as a constituent. Now, /3, and are fixed 
by a, and <pf = (f2i as before, so we see that *r is again equivariant. □ 

Proposition 6.2. Let H = Sp^(q), with q = 2 a , I ^ 2 a prime dividing \H\, and Q < H a 
nontrivial £-radical subgroup. Then the maps Qq and *q (for £\(q 2 — 1)) described in Section^ are 
Aut(iJ) -equivariant. 

Proof. Again, it suffices to show that *q and fig commute with the generator 7 of Out (H). We 
will use the notation of classes and characters from CHEVIE, [ID]. From comparing notation of 
CHEVIE, [8], and [6], we deduce that the action of 7 on the unipotent classes of H is to switch 
C 2 and C3 and fix the other unipotent classes. Moreover, Cj(i)' y = C\\(i) and Cn(i) 7 = Cj(2i). 
Similarly, Cg(i) 7 = C\%(i) and Ci3(z) 7 = C%{2i). Hence 7 switches Q\ and Q 2 . Also, Cis(i, j) 7 = 
Cis(i + j,i — j), Cig(i,j) 7 = Cig(i + j, i — j), and Qi t i is stabilized by 7. Moreover, Cn{i,j) = 
C ie (i(q+l)+j(q-l)), C lG (iV = C 17 (i mod (q-l),j mod (g + 1)), and C 18 (z) 7 = C 18 ((g + 

From this, using the character table for H in CHEVIE |10| . we can see the action of 7 on the 
relevant characters (and blocks) of H. Namely, Bf(i)' y = Bn(i), i?n(z) 7 = Bj(2i), -E>g(i) 7 = Bis(i), 
B 13 (i) 7 = B 9 (2i), B 15 (i,jY = B w (i + j,i - j), B 19 (i,jy = B 19 (i + j,i-j), and X i8« 7 = 
Xis((q + 1)*)- Also, Bq is fixed, except that X3 an d X4 are switched. 

Let ipi for i G be as usual. Considering the action of 7 on elements of Nh(Qi) and Nh(Q 2 ), 
we see that the characters (tpi, X*(j)) of Ch(Qi) are mapped under 7 to the corresponding character 
{Pi,X*(j)) in C H {Q 2 ). Applying 7 again yields {<P2i,X*(2j)) in C H (Q 1 ). Moreover, for v G {±1}, 
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{X ,X*{j)) ^ ^ tt (Nh{Qi)) is mapped to the corresponding character (l^ u \x*(j)) G ^ tt {Nh(Q2)), 
which is then mapped to (l^,x*(2j)) G Irr(iV#(G;i)). 

Inspecting the values of the characters of Nh(Qi,i)/Ch(Qi,i) — G2 I 5*2, we see that they are 
fixed under 7, aside from , l^ty -1 ) and (l^ 1 **, l^ -1 ))^ 1 ), which are switched. 

Also, the characters 9 of Nh{Qi,i) which are nontrivial on Ch(Qi,i) satisfy that if (ipi, (fj) is a 
constituent of 0\ Gh ^q 1 t ), then (<£>i+j , <Pi-j) is a constituent of Q 1 \ Gh (q 1 1)) where z, j G I q - e U {0}, 
and y?o := lc ? _ e - Moreover, in the case i = 0, the action on G2 ? 6*2 yields that the choice of 
extension is fixed under 7 (i.e. (fi, l^)" 1 = (if i: ifj_)^ where v £ {±1}). 

Finally, $i € Irr(Cc(Q^ 2 ^) is mapped under 7 to "&{q+i)ii and when i = the choice of extension 
to N G (QW) is fixed by 7. 

Altogether, these discussions yield that (x* Q V = (x y )* Q f° r each % G IBr£(i/|Q), as desired, 
and similar for fig. □ 

Proposition 6.3. Let G = Sp§(2 a ) or Spi(2 a ), I an odd prime dividing \G\, and Q a nontrivial 
l-radical subgroup of G. Let the sets Irro(G|G;), \ttq(Ng(Q)\Q), and IBr^GIQ) and the maps Qq, 
*q be as described in Section^ Then 

• If X G Irro(G|Q) with B G Bl(G|x) and b G Bl{N G (Q)\n Q (x)), then b G = B. 

• If x G IBr £ (G|Q) with B G Bl(G|x) and b G Bl(N G (Q)\ X * Q ), then b G = B. 

Proof. Let N := N G (Q) and C := C G (Q). As b G Bl(iV G (Q)), 6 G is defined and 6 G = B if and only 
if \b{K- + ) = \ ((/C fl G) + ) for all conjugacy classes /C of G (see, for example, [121 Lemma 15.44]). 
Let x G Irr(Gj-B). The central character lv x for G can be computed in CHEVIE, and the values 
of cp G Irr(A^|6) on G can be computed by their descriptions and using the character tables for 
Sp^q), SL2(q), and GL^{q) available in CHEVIE. Hence it remains only to determine the fusion 
of classes of G into G in order to compute uj^ ((/C fl G) + ) = ^4jj Ylcctc vOjOI^Ij where g G C and 
the sum is taken over classes C of G which lie in /C, and compare the image of this under * with 

We present here the complete discussion for *r when G = SpQ(q), i = 3\(q — e). The other 
situations are similar, though quite tedious. 

When Q = R, we have G = C q - e = Z(GL e 3 (q)), embedded in G in the usual way. The set 
IBr3(G|i?) consists of two Brauer characters in a unipotent block and one Brauer character in each 
set Bg(i) if e = 1 or B$(i) if e = — 1 with i G divisible by 3 d . Choosing x = 1g f° r B = Bq, 
X = X27(i) for B the block containing Bg(i), and x = X3o(i) f° r B the block containing Bg(i), we 
have a>i G (/C + )* = = w X27 (j)(/C + )* when e = 1 for every nontrivial conjugacy class K, 7^ G2s(j) of 
G (in the notation of CHEVIE) for any j G I q -\ and i^i G (/C + )* = = w X30 (j)(/C + )* when e = — 1 
for every nontrivial conjugacy class /C 7^ G2s(j) for any j G ig+i. 

Now, let C generate G = C q - e , so is identified in G with the semisimple element with 
eigenvalues £ and £ , each of multiplicity 3, where (, is a fixed primitive (q — e) root of unity in 
F^ X . Then {C, C" 1 } = G 25 (i) n G if e = 1 and = C w (i) n G if e = -1. 

Let ( = exp ^ 27 ^7^ in C x and let x := X27W or X3o(0 an d /C = G2s(j) or G28O), i n the cases 

e = 1, -1, respectively. Then o; x (/C+)* = (<f^ + C" 3 ' 3 )* from CHEVIE, since {q - e)* = 3* = 0. 

But the value of 99 := ^3i/3 on £■? is £ 1 so u^(1C n G) + ) = ^ ^ = C + C • Hence we 

have 6 G = i? in this case. 

Moreover, uj\ g {1C)* = 2, so b G = B in this case as well, since if if = lMp for v G {±1}, then 
oJtpQC fl G) + ) = 2, completing the proof for Q = R. □ 
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Proposition 6.4. Let G = Spe(2 a ) or Spi{2 a ) and Q a nontrivial i-radical subgroup and £ an odd 
prime dividing \G\. The sets Irro(G|Q) and Irrp (Nq (Q)\Q) defined in Section\^are exactly the sets 
Irro(G|Q) and 1ttq{Ng{Q)\Q) of height- zero characters of G and Nq{Q), respectively, with defect 
group Q. 

Proof. (1) Let N := N G (Q), if G Irrp (AT and x € Irr (G|Q) such that Qq(x) = ¥?• Let 
b G B\(N\ip), so that b G is the block B containing x, by Proposition 16.31 Let Db and Db denote 
defect groups for b and B, respectively, so we may assume Db < Db- Then as Q is ^-radical, we 
know that Q < D^ < Db (see, for example, [T2J Corollary 15.39]). Now, since must be 

the highest power of £ dividing the degree of every member of Irr(i?), inspection of the character 
degrees in B yields that \Db\ = \Q\, so in fact Q = D^ = Db- Hence by inspection of the degrees of 
characters in our constructed sets, we see that Jxrp (G\Q) C Irrp(G|Q) and Ittq (N\Q) C 1ttq(N\Q). 

(2) Moreover, we have constructed the set Ittq (G\Q) to contain all characters x' G Irr(B) whose 
degrees satisfy x'(X)l = [G : Q]i- (That is to say, given any block in B1(G), if we included in 
Irrp(Cr|Q) one irreducible ordinary character of the block whose degree satisfies this condition, then 
we included all such members of the block.) Further, every block B' G B1(G) of positive defect 
intersects the set Irrp (G \Q') for some ^-radical subgroup Q' , so we see that in fact Ittq (G\Q) = 
Irrp(G|Q). Note that when £ = 3, this means R does not occur as a defect group for any block of 
G = Sp 6 (2 a ). 

(3) Now, except in the case G = Sps(q) with £ = 3 and Q = Qi 1 1 or P, from the discussion 
in Section U] we see that in fact every character 6 of iV with 6(l)e = \N\i/\Q\ has been included in 
Irrp (A r |Q), so Jttq{N\Q) = Irrp(iV|Q). Hence we are left with the case £ = 3 and Q = Qx,i,i or P. 
However, by the discussion after the description of the map f2g 1 1 1 in the case £ = 3, we see that 
1ttq (N\Qixi) = I**o(N\Qi t i t i) in this case as well. Finally, for Q = P, we have already described 
Irro"(iV|P) in Section H □ 

We note that Proposition 16.41 is consistent with Brauer's height-zero conjecture, which says 
that an ^-block B of a finite group has an abelian defect group if and only if every irreducible 
ordinary character in B has height zero. It is also consistent with a consequence of [151 Theorem 
7.14], which implies that the defect group for a block which is not quasi-isolated (i.e. satisfies 
the conditions for Bonnafe-Rouquier's theorem) is isomorphic to the defect group of its Bonnafe- 
Rouquier correspondent. 

Theorem 6.5. Let G = Sp 6 (2 a ) with a > 1 or Sp^(2 a ) with a > 2. Then G is "good" for the 
Alperin weight and blockwise Alperin weight conjectures for all primes £^2. 

Proof. 1) Let £ ^ 2 be a prime dividing \G\. Since Out(G) is cyclic, we know G is BAWC-good 
for any prime £ such that a Sylow ^-subgroup of G is cyclic, by [241 Proposition 6.2]. Hence, G is 
BAWC-good for £ as long as £ /(q 2 — 1). Moreover, considerations in GAP show that the statement 
is true for £ = 3 when G = Spq(2). (The main tools here were the PrimeBlocks command, the 
Brauer character table for the double cover 2.Sp%{2) in the Character Table Library [3], as well as 
the faithful permutation representation of 2.Spe(2) on 240 points given in the online ATLAS )27j.) 
Henceforth, we shall assume £\(q 2 - 1) and a > 2. 

2) As a > 2, the Schur multiplier of G is trivial, so G is its own Schur cover, so in the notation 
of [18\ Section 3], we may assume S is just G itself. Furthermore, [24, Lemma 6.1] implies that 
it suffices to show that G is AWC-good for £ in the sense of [18] and that the maps used satisfy 
condition 4.1(h)(3) of [24] . For the trivial group Q = {1}, the map sending defect-zero characters 
to themselves satisfies the conditions trivially. Hence, it suffices to show that our sets IBri(G\Q) 
and maps *q satisfy the conditions of |T8j Section 3] and that for % G IBr^(G|Q), x 1S a member 
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of the induced block b G , where b E B\(Ng(Q)\x* q )- By Proposition 16.31 the latter condition is 
satisfied. 

3) Since Z(G) = 1 and our sets IBr^(G|Q) depend only on the conjugacy class of Q, we know 
that our sets satisfy [THJ Condition 3.1. a]. Our sets IBve(G\Q) are certainly disjoint, since distinct 
Lusztig series or blocks are disjoint, and the union of all of these with the set {x\x 6 dz(G)} is all 
of IBr^(G), by Lemma 12.11 and the results of |26j and [25], so our sets also satisfy [18^ Condition 
3.1.b]. Moreover, by Propositions 16 .11 and \672\ our maps and sets also satisfy the final partition 
condition and bijection condition, [I8j Conditions 3.1.c, 3. 2. a]. 

4) Let Q be an ^-radical subgroup, and fix 9 E IBr^(G|Q). Identify G with Inn(G), so that we 
can write G< Aut(G). Write X := Aut(G)g and let B := Xq be the subgroup of Aut(G) stabilizing 
both Q and 9. Then certainly, G < X, Z{G) < Z(X), 9 is X-invariant, and B is exactly the set of 
automorphisms of G induced by the conjugation action of Nx(Q) on G. Moreover, Cx(G) is trivial 
and since X/G is cyclic, so is the Schur multiplier H 2 (X/G,¥^). Hence the normally embedded 
conditions [HI Conditions 3.3.a-d] are trivially satisfied, completing the proof. □ 

Lemma 6.6. Let £ be a prime, S be a simple group with universal £' covering group G, and Q be 
an i-radical subgroup satisfying Conditions (i) and (ii) of \23\ Definition 7.2] with Mq = Ng(Q). 
Let x E Irro(G'IQ) be such that Aut(S) x / S is cyclic and let r\ E Aut(G) x with Aut(S*) x = (S,r/). 

Then there are x £ I rr (^4(x)) an d ^q(x) £ I rr (-^4.(x)(*9))> where A(x) ■= {G,rj), such that: 
l- x\g = X 

8- ^q(x)\n g ( Q ) = SIq(x) 

3. b 11 = B, where b is the block of Na ( ,(Q) containing &q(x)\na ,{Q)> ^ ^ s ^ e block of Ay 
containing x\a,i, an d G < Ay < A(x) so that Ay/G is the Hall I' -subgroup of A(x)/G. 

Proof. First, note that x extends to A{x) since A{x)/G is cyclic and x is invariant under A(x)- 
Let if := Oq(x). Since the map Qq is Aut(G)Q-equivariant, we have <p = f2g(x a ) = f a for any 
a E Na( x )(Q), so tp is invariant under Nam(Q) and therefore extends to some tp E Irr \Nam(Q)) 
since Na( x ){Q)/Ng{Q) is cyclic. Let b be the block of Na £/ (Q) containing the restriction <p\n a ;(Q) 

and let B be the block of G containing x- Then b At ' is defined, by [12} Lemma 15.44], and we claim 
that b Ai ' covers B, so that by [171 Theorem 9.4], we can choose an extension x of X to A(x) so that 
x\a,i is contained in b t' . 

To prove the claim, first note that by [17} Theorem 9.5], b e ' covers B if and only if the central 
functions satisfy \%A e , (tC + ) = As(/C + ) for all classes JC of Ay contained in G. Let b be the block 
of Nq(Q) containing cp, so that b G = B by Condition (ii) of [23} Definition 7.2] and A^ covers 
Aj> by p21 Theorem 9.2]. Let JCi,...,JCk be the classes of G so that /C = (Ji^i- Notice that 
fCi n Na„,(Q) = fCi n Nq(Q) can be viewed as a union of classes of Na,,(Q) contained in Nq(Q) 
and Ui(/Ci n N Ae ,(Q)) = K n N At ,(Q), so 

Ab(/C + ) = X B(lCf ) = V (/C+) = ^ A 6 ((Jd n N G (Q))+) 

i i i 

= Y^\ ((JCi n N Ae , (Q))+) = h ((1C n N Ae , (Q))+) = A^, (/C+), 

i 

which proves the claim. □ 
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Theorem 6.7. Let G = Sp 6 (2 a ) or Sp 4 (2 a ) with a > 2. Then G is "good" for the McKay and 
Alperin-McKay conjectures for all primes t 7^ 2. 



Proof. 1) Again, notice that G is its own Schur cover, so G = S in the notation of either |23|. 
Definition 7.2] or |13(. Section 10]. Also, note that reasoning similar to part (4) of the proof of 
Theorem 16.51 implies that G satisfies conditions (5)-(8) of the definition of McKay-good in |13|. 
Section 10]. Hence, if G is "good" for the Alperin-McKay conjecture (i.e. satisfies the inductive- 
AM-condition described in |23|, Definition 7.2]), then G satisfies conditions (l)-(4) of the definition 
of McKay-good, so is also "good" for the McKay conjecture. Again, when Q = 1, the map sending 
defect-zero characters to themselves satisfies the conditions trivially. 

2) Let Q ^ 1 be an ^-radical subgroup of G which occurs as a defect group for some ^-block of G. 
Hence by replacing with a conjugate subgroup, we may assume that Q is one of the groups described 
in Section [3] aside from R. The group Mq := N G (Q) satisfies condition (i) of [23], Definition 7.2]). 
Moreover, Propositions 16. 1[ 16. 3\ and 16.41 imply that the map £Iq from Section [5] satisfies condition 
(ii) of [23, Definition 7.2]. (Again note that Z(G) is trivial.) 

3) Now, let A := Aut(G) and let \ £ ^o(G\Q). Write A x := stabA(x) an d write Aq iX for 
the subgroup Na x (Q) of elements of A which stabilize both Q and %■ Write x' '■= ^q(x) an d let 
X and x! be the extensions of x to A x and x! to Aq )X as in Lemma [676] since A/G is cyclic. Say 
V and V', respectively, are the representations affording these extensions. Then certainly, these 
representations satisfy the first three subconditions of condition (iii) of [23[ Definition 7.2] and it 
suffices to show that they satisfy the final subcondition. (Note that here rep : S — > G is simply the 
identity map.) 

4) Let x be an ^-regular element of MqAq^ x = Aq^ x with Q G Syl^(C(j(a;)). If x E Mq, we are 
done by [23, Proposition 7.4]. So, suppose that x Mq. That is, x G Na x (Q) \ Nq(Q). Since x 
is an /-element, we see that in fact x € Na,,(Q), where G < Ay < A x is as in Lemma 16.61 Let /C 
be the conjugacy class of x in Ay. Since Q € Sylg(Ca(x)), we also have Q € Syl £ (C A e , (x)) , since 
[Ay : G] is prime to I. Hence K, PI Ca, t ,(Q) is the class of Na,,(Q), containing x (see, for example, 
[17\ Lemma 4.16]). Let B and b be the blocks of Ay and Na , (Q) containing x an d x' \ respectively, 
so that b A i' = B. Then we have \^(}C + ) = X~ b ((/C n C Ae ,{Q)) + ), which implies that 

\Ay\x(x) V I WaAQ)\x'(x) 



\C At ,(x)\ X (l)J \\C NAiiiQ) (x)\x'(l) 

Moreover, except possibly in the case G = Sp^q) and Q = Q\ or Q2, we can choose r\ as in Lemma 
6.61 to stabilize Q, by the discussion preceding Proposition 16. 1( and therefore [Ay : G] = [N Ae ,{Q) '■ 



N G (Q)} and [C Ae {x) : C G {x)\ = [C Na f { q) (x) : C Ng (q)(x)]. However, note that if Q = Qi or Q 2 

when G = Sp^{q), then 7 ^ A x (see the proof of Proposition 16. 2p . but r y 2 = a fixes Q, so the same 
is true in this case. This yields 

( \G\x{x) V_ / \N G (Q)\x'(x) V 
\\C G (x)\x(l)J " {\C Ng{q) (x)\ X '(1)J ' 

Hence by the last half of the proof of |23[ Proposition 7.4], the proof is complete. □ 

Theorem 6.8. Let S = Sp 6 (2) or Sp 4 (2)' = A 6 . Then S is "good" for the Alperin-McKay 
conjecture for all primes. 

Proof. Let G := Q.Aq be the universal covering group of S := Aq and t a prime dividing \A§\. 
We can construct G in GAP using the generators given in the online ATLAS [27] for the faithful 
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permutation representation of G on 432 letters. Using the PrimeBlocks function to calculate the 
sizes of the defect groups and calculating the Sylow subgroups of centralizers of ^'-elements, we 
see that the only noncentral defect group of G are Sylow ^-subgroups. Fix P 6 SyLj(G). Again 
using the PrimeBlocks function, the knowledge of the action of the outer automorphism group of 
Aq on the conjugacy classes of Aq, and the character information for 6.Aq,6.Aq.2i, and 6.Aq.22 in 
the GAP Character Table Library [3j, we see that we can construct bijections satisfying conditions 
(i) and (ii) of the Inductive AM-condition [23j Definition 7.2], with M P := N G (P). Further, by 
[23~1 Proposition 4.2], for x S Ittq(G\P), there exist V,V satisfying the first three requirements of 
condition (iii), so it remains to show that they fulfill the final requirement, |231 (7.4)]. 

Now, if I = 3 or 2, then calculating with the automorphism group in GAP yields that the cen- 
tralizer C Aut(S)(-P Z '(G) / 'Z '(G)) is an ^-group, so this final requirement is satisfied by [231 Proposition 
7.4]. 

If I = 5, then \C\ nt (s)(P Z (G) / Z (G))\ = 10 and this centralizer is cyclic. Let g be the order-2 
element in Cp LUt ( S )(PZ(G)/Z(G)). Now, (S, g) has order 720, and comparing the character table 
with those of Aq .2i, Aq.22, and ^6-23, we see that (S,g) = Aq.22- Moreover, the height-zero 
characters (in the notation of the GAP Character Table Library) of G = 6.A$ which are fixed 
under g are %i, X4, X5> X6> XiQ; an d Xn of degrees 1,8,8,9,8, and 8, respectively, and hence all 
other characters satisfy the final condition again by [23, Proposition 7.4]. 

Our constructed bijections map these characters to characters of Nq(P) with degree 1, 2, 2, 1, 2, 
and 2, respectively, and we see that for these characters, e x = — 1 mod 5, except in the case 
X = Xi = 1g> i n which case e\ G = 1. (Here e x is as defined following [23l (7.4)].) Further, 
Aut(5") x = Aut(S) for x = Xi or X6 an d Aut(S) x = (S,g) for the four characters of degree 8 
under consideration. Also, Xi>X4)X5> an d X6 he in the principal block of G, and can be viewed as 
characters of S = G/Z(G). Similarly, the characters of Nq(P) that they map to lie in the principal 
block of Nq(P) and can be viewed as characters of Nq(P) / 'Z(G). Considering the character 
tables for Aui(S) x and Aut(S')p iX , we see that these characters lift to characters of Aut(S r ) x and 
(N G (P)jZ(G)) Aut(S) P>x satisfying the final condition of [23, Definition 7.2]. 

The remaining two characters of G and Nq(P) under consideration are trivial on the elements 
of Z(G) of order 3 and are nontrivial on the element z G Z(G) of order 2. Moreover, the values 
of Xi an d Xio ar e identical on 2'-elements and satisfy Xi( x ) = — Xio(^) when 2 divides \x\. The 
same is true for X5 compared with xil, an d similarly for the corresponding pairs of characters of 
Nq(P)- Hence if rep: S G is the Z(G)-section used for condition (iii) of [231 Definition 7.2] for 

f rep(w) if 2 j\y\ 

the character x = X4> respectively X5: then replacing rep with rep': y (->• < rep(y) z if 2\\y\ 

yields that condition (iii) of [23, Definition 7.2] is satisfied when x = Xio ; respectively xii) using 
the same extensions as in the case x = X4> respectively %5- 

Now let G := 2.Spq(2) be the universal covering group of S := Sp&(2) and let I be a prime 
dividing \G\. Then Aut(G) = Aut(5") = S, and in this case, the inductive AM-condition |23|. 
Definition 7.2] is satisfied as long as the usual Alperin-McKay conjecture is satisfied. Considerations 
in GAP similar to the case Aq above and the situation for the BAWC, we can construct the desired 
bijections. (We note that when I ^ 3, the only noncentral defect group is a Sylow subgroup, and 
in the case I = 3, we have two noncentral defect groups, namely the Sylow subgroup and a cyclic 
defect group of size 3.) □ 



Theorems 16. 5} 16.71 an d 16.81 complete the proof of the main theorem, Theorem 11.1 
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A Non-Unipotent Block Distributions for Sp$ (2 a ) 

We list here the block distribution for irreducible cross-characteristic characters of positive defect 
lying in non-unipotent blocks of G = Sp^^q) with q even. Any characters not listed have defect 
zero or lie in a unipotent block, whose distribution can be found in [26J. We use the notation of 
characters for G, in CHEVIE [10|. The notation Bi(J), as before, means the block in £e(G, (gi(J))) 
of positive defect, when only one such block exists. (Here gi{J) is a semisimple /-element of G* , 
as in the notation of [16j.) When multiple such blocks exist, we will write B{(J)^ for the block 
corresponding via Morita equivalence (see Lemma \2.1b to the principal block of Cc*{gi{J)) and 
Bi(J)d' for the other block of positive defect. (Indeed, in such cases there are only two blocks of 
positive defect in £e(G, (^(J))).) 

The block distributions listed in this section follow from the theory of central characters (the cen- 
tral characters of G can be obtained from CHEVIE [10]) together with the definition of £i(G, (gi(J))) 
and Broue-MicheFs result [I] that this is a union of ^-blocks.. 

A.l £\(q 2 + l) 

Let k G Iq~i,t £ I q +i,s G I q 2 + i with (q 2 + l)e\s and write m := (q 2 + 1)^/. 

Be(k) = {xn{k),xu(k),Xn(k),Xi8(k),X62{k,r): m\r} 

B i{t) = {xi9{t),X2o(t),X23(t),X24(t),X65{r,t): m\r} 

B2i(s) = {X55( r ) ■ r = ±s ov ± qs mod m} 

B2i(s)^ = {X5e( r ) ■ r = ±s ov ± qs mod m} 

-£>3o(^i s) = {X62(k, r) : r = ±s or ± qs mod m} 

-633(5, t) = {X65( r , t) : r = ±s or ± qs mod m} 
A.2 3^e\(q 2 + q + l) 

In the following, let k G I q —i and v G I q 3-i with (g 3 — 1)^ and write n := (q 2 + q + 1)^. 

Bs(k) = {X25(k),X26(k),X27{k),X63(r): r = ±k(q 2 +q+l) mod (q - l)n} 
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B^iiv) = {X63( r ) : r = ^QVi or =t Q 2v mod (g — l)n} 
A.3 3^£\(q 2 -q+l) 

In the following, let t € l^+i and w € ^ g 3 +1 with (g 3 + l)e\w and write n := (q 2 — q + 1)^. 

Bg(t) = {X28(t),X29(t), X30(t), Xm(r) : r = ±t(q 2 - q + 1) mod (q + l)n} 

^34(1^) = {X66( r ) '■ r = if, or it g 2 u; mod (q + l)n} 

A.4 ^|(g-l) 

In the following, let k±,k2,k 3 € I q -\ with -£ rf |/cj and none of k±,k2, k% the same. Let t±,t2,t 3 £ J ? +i 
with none of ii, i 2 , £3 the same, u € I q z+i, and s G ^ g 2_ 1 with where ^ d := ((7 — l)e. Let t> G ^q3_ 1 
and w e I q s+i with (q 3 — l)e\v. As usual, let m := {q — 1)^. When £ = 3, let n := (q 2 + q + 1) 3 /. 

S 6 (A;i ) (0) = {xi 3 (r ) , X14 (r) , X15 (r) , xie (r) , Xi8 (r) , X39 (j» , X40 (j, ,X4i ( j, r ) , X42 ( j, r ) , X57 (r, j, i) : 

r = ±fci mod m, m|j, m|i} 

#6(&i)^ = {Xi7( r ) : r = i&i mod m} 



s 7(*i) = {Xl9(il),X20(il),X2l(tl),X22(il),X24(tl),X43(^il),X44(r-,tl),X47(r,il),X48(? , ,il),X58(^i^l): 

m|r, 

(Note: Si{G,gi{ti)) also contains the defect-zero block {x23(ii)}-) 

{X25(n),X26(n),X27(n),X39(n,r2),X4o(n,r 2 ),X57(n,r2,r 3 ): 



5 8 (A;i) = { 



if ^3 

r i5 r 2; r 3 = ±fci mod m) 

{X25 (ri ) , X26 (ri ) , X27 (ri ) , X39 (ri , r 2 ) , X40 (n ,r 2 ), X57 (n , ^2 , r 3 ) , X63 (^4) : if ^ = 3 
ri, r 2 , r 3 = ±/ci mod m, r4 = ±ki(q 2 + g + 1) mod mn} 



Bgih) = {x28(*i),X3o(*i),X6i(7,ii): r = ±(q - l)h mod m(g + l)} 
(Note: £e(G, gg(ti)) also contains the defect-zero block {x29(*i)}-) 

Bn (h ) = {X31 ) , X32 (n ) , X33 (n ) , X34 (n ) , X4i (n , r 2 ) , X42 (ri , r 2 ) , 

X39(n,i),X4o(n,i),X57(n,r 2 ,i): n = ±fa mod m,r 2 = ±h modm,m|j} 



Bi 3 (h) = {X35(il),X36(*l),X37(il),X38(il),X49(il,0>X50(il,r), 

X45(i),X4e(j),X59(j>): j = ±(q- l)h mod m(g + 1), m\r} 
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B 16 (k 1 ,k 2 ) = {X39(n,r 2 ),X4o(n,r 2 ),X57(n, j,r 2 ): n = ±ki mod m,j = ±fci mod m} 

Bn(ki,k 2 ) = {X4l(n,'"2),X42(ri,?"2),X57(n,'"2,j) : r « = mod m,m\j} 

5i 8 (fei,ti) = {x43(^*i),X44(r,ti),X58(^i,*i): r = ±&i mod m, j = ±fci mod m} 
5ig(s) = {x45(r)>X46(r)>X59(r,.7') : r = ±s or ± qs mod m(g + 1), m\j} 
B 2 o(k 1 ,t 1 ) = {x47(r,ti),X48{r,ti),X58{r,j,h): r = ±fci mod m,m\j} 

B 2 i(ti,ki) = {x49(h,r),X5o{ti,r),X59{j,r): j = ±(g - l)*i mod m(g + 1), 



B 22 (h,t 2 ) = {x5i(h,t 2 ),X52(h,t 2 ),xei{r,t 2 ): r = ±(q - l)h mod m(q + 1)} 
B 23 (h,t 2 ) = {x53(h,t 2 ),X54(h,t 2 ),X6o{r,t 1 ,t 2 ): m\r} 
B 2 a (u) = {X55 («) , X56 H , X62 (r, u) : r = mod m} 
B 2 5(h,k 2 ,k 3 ) = {X57 (n,r 2 ,r 3 ): n = ±h mod m} 
B 26 (k!, k 2 ,h) = {X58(n, r 2 ,h): n = ±ki mod m} 
B 2 j{s,k\) = {X59( r )i) : r = ±s or ± qs mod m(g + = ±k\ mod m} 
B 2 s(ki,ti,t 2 ) = {X6o(r,h,t 2 ): r = ±ki mod m} 
B 2 g(s, h) = {X6i(r, ti): r = ±s or ± qs mod m(q + 1)} 
(ki,u) = {x62 (r, : r = ± h mod m} 



r = ±/ci mod m} 




B3 2 {h,t 2 ,t 3 ) = {X64(*i,*2,*3)} (defect zero) 



#33CMi) = {X65CM1)} (defect zero) 



B34 (w) = {xm(w)} (defect zero) 
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A.5 e\(q+l) 

In the following, let k±,k 2 ,ks € J ? _i with none of k\,k 2 , k% the same. Let t±, t 2 , t% € I q+ \ with t d \ti 
and none of t\,t 2 ,ts the same, u € ^ ? 2 +1 , and s € i g 2_ 1 with £ d |s, where £ d := (g+1)^. Let w € ^ g 3_i 
and u; € I q 3 + i with (g 3 + As usual, let m := (q + 1)^. When £ = 3, write n := (g 2 — q + l)y. 

B%{k l ) = {xi 3 (fei),xi5(fci),Xi6(A;i),Xi7(A;i),Xi8(fci),X47(fei,0)X48(A;i,r),X49(^ fei),X5o(r,A;i),X6o(A;i, 

m|r, 

(Note: ^(G, <76(/ci)) also contains the defect-zero block {xi4(&i)}0 

B7 (h) (0) = {xid(r), X21 (r) , X22 (r ) , X23 (r ) , X24 (r),X5i (j, r) , X52 ( j, r ) ,X53 (j, r) , X54 (j, r) , X64 (r, j, i) : 

r = ±ti mod m, m|j, m|z} 

^7(*i) (1) = {X2o(0 : r = ±ti mod m} 

-Bs(fci) = {X25(^i),X27(ki),X59(T, r = ±(<? + l)fei mod m(g - 1)} 
(Note: £e(G,gg(ki)) also contains the defect-zero block {x26(&i)}0 



B 9 (ti) = { 



{x28(n),X29(n),X3o(n),X5i(n,r-2),X52(n,r 2 ),X64(n,r2,r 3 ): if ^ 3 

r i) r 25 r 3 = i^i mod m} 



{x28(n),X29(n),X3o(n),X5i(n,r-2),X52(n,r- 2 ),X64(n,r-2,r 3 ),x66(^4): if i = 3 

ri, r 2 , r 3 = =bti mod m, r4 = ±ti((7 2 — g + 1) mod mn} 



£n(fci) = {X3i(fei),X32(A;i),X33(A;i),X34(fei),X43(fci,»"))X44(A;i,r), 

X45(i),X46(j'),X6i(j>): J = ±(<? + l)h mod m(q - l),m[r} 



#13 (*1 ) = {X35 (n ) , X36 (n ) , X37 (n ) , X38 (n ) , X53 (n ,r 2 ), X54 (n , r 2 ) , 

X5i(n,j'),X52(n,j'),X64(n,r 2 ,i): n = ±*i mod m,r 2 = ±ti mod m,m|j} 

Bw(ki,k 2 ) = {x39{ki,k 2 ),X4o(ki,k 2 ),Xm(r,k2): r = ±(q + l)h mod m(g - 1)} 
B 17 (k 1 ,k 2 ) = {x4i(fei,/c2),X42(fci,fe 2 ),X58(fei,^2,r): m|r} 

5i8(fci,*i) = {X43{ki,r),X44{h,r),X6i(j,r): j = ±{q+ l)h mod m(q - 1), 

r = ±t\ mod m} 

-Big(s) = {X45(^),X46(^),X6i(r,j): r = ±s or ± qs mod m(g - 1), m\j} 



26 



#2o(fci,*i) = {X47(ki,r),X4s{h,r),X6o{h,r,j): r = ±h mod m,m\j} 
B 2 i{t u ki) = {x49(r,k 1 ),X5o(r,k 1 ),xm(h,r,j): r = ±ti mod m,j = ±t x mod m} 

B 22 {h,t 2 ) = {X5i{ri,r 2 ),X52{ri,r 2 ),X64{ri,j,r 2 ): n = ±U mod m,j = ±h mod m} 

B 23 {h,t 2 ) = {x53(ri,r 2 ),X54(ri,r 2 ),X64(ri,r 2 ,j): n = ±U mod m,m\j} 
B 24 (u) = {X55(u),x5e{u),xe5{u,r): r = mod m} 

B 25 (ki,k 2 , k 3 ) = {X57 (h,k 2l k 3 )} (defect zero) 
B 2 6(ki,k 2 ,ti) = {X58(h,k 2 ,r): r = ±ti mod m} 
B 2 j{s, k\) = {xm{ r -, ki) ■ r = ±s or ± mod m(g — 1)} 
B 28 (ki,t 1 ,t 2 ) = {x6o(ki,ri,r 2 ): n = ±U mod m} 
B 2 q(s, ti) = {X6i( r )i) : r = is or =t 9* mod m(g — 1), j = ±ti mod m} 
#3o(A;i,u) = {X62(A;i,u)} (defect zero) 
^31 (v) = {X63(^)} (defect zero) 
B 32 (h,t 2 ,t 3 ) = {X64(n,r 2 ,r 3 ): n = ±U mod m} 
#33 (Mi) = {xm(u,r): r = ±ti mod m} 
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B Non-Unipotent Brauer Characters for Spa(2 a ) 



TableCQgives the irreducible Brauer characters of G = Spe(q), q even, listed by the families £e(G, (t)) 
for ^'-semisimple elements t € G*. The indexing sets for t = gu are as given in Appendix [A] for B^. 
Characters listed in the same set for the same choice of t make up the Brauer characters of a single 
block. Notation for the characters of G is taken from CHEVIE [10] , and the notation for the class 
representatives t £ G* is from [16]. As usual, \ denotes the restriction of x G Irr(G) to ^-regular 
elements of G. 

The results in the table follow from Lemma l2.1l and the decomposition numbers for the unipotent 
blocks for the low-rank groups. The decomposition matrices for the unipotent blocks of SL2(q) (and 
therefore Sp 2 {q) = SL 2 (q),GL 2 (q) = C 9 _i x SL 2 (q), and GU 2 (q) = C q+1 x SL 2 (q)) and GL 3 (q) 
can be obtained from [14) . and those for Sp^(q) are found in [25]. Note that the number a found in 
the description of the Brauer characters of £g(G, (t)) for t in the family g§ or gi when i\(q + 1) is as 
in [25], and by [19], we have a = 1 when £ d = 3 and a = 2 otherwise. The decomposition matrices 
for the unipotent blocks of GU 3 {q) were found in [9], up to an unknown in the case £\(q + 1), which 
is found in [20] . 
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Table 1: £-Brauer Characters in Non-Unipotent Blocks of G = Sp e (2 a ), 1^2 



t 

C„,(t) 


Condition 
on I 


IBr { (G) n S e (G, (t)) 


S6( fe l) 
C,_i X Sp 4 (q) 


<l(9- 1) 
«l(9 2 + l) 

< /T(9 4 - 1) 


{X13( fc l). X14(fel). X15( fc l). X16(fcl). X18(fcl)>. {X17C=l)> 

{X13( fc l). X15( fe l) ~ X13C=l). X16(fel) - X13 0l)> X17(fcl). 
Xist^l) - QX17(fcl) - X16( fc l) - X15C=l) + X13( fc l)}> {xi4C=l)} 

{X13( fe l). X14(fel) - X13( fe l). X18( fe l) - XI4O1) + X13( fe l). X17C=l)}, {xi5C=l)}, {xiet^l)} 
{X13(fcl)},{xi4(fel)},{xi5(fcl)},{xi 6 (fcl)},{xi7(fcl)},{xi8(fel)} 


97(H) 


<l(9 + l) 
*l(9 2 + !) 

< /T(9 4 - 1) 


{X19('l). X20('l). X2l(*l), X22(*l), X24(tl)}, {X23(*l)> 

{X19('l). X2l('l) ~ X19(tl), X22('l) - X19(tl), X23('l). 
X24(tl) - aX23(*l) ~ X22(*l) - X2l(*l) + X19<*l)}. {X2o('l)} 

{X19(tl), X20('l) - X19(tl), X24(«l) - X20(tl) + X19( J l). X23<*l)}, {X2l(«l)}, {X22<tl)} 
{X19(tl)}, {X20(tl)>, {X2l(tl)>, {X22(*l)}, {X23(*l)}, {X24(«l)} 


ffs(fci) 

GL 3 (q) 


3^€|(9-1) 

€|(q + 1) 
l\(q 2 +q + l) 
t /(9 3 - 1)(9 + 1) 


{X25C=l). X26C=l). X27(fel)} 
iX25( fc l). X27( fc l) - X25( fc l)>. {X26( fc l)} 
{X25(*l). X26(fcl) - X25C=l). X27C=l) - X2e( fc l) + X25( fe l)} 
{X25C=l)},{X26(fcl)},{X27(fel)} 


99 (*l) 
G(7 3 (q) 


t\(l - 1) 

<l(9 + l) 
3^«l(9 2 -9 + 1) 
< /(9 3 + 1)(9 - 1) 


{X2s(*l), X30( J l)}. {X29(*l)} 
{X28(*l). X29(tl), X30(tl) - 2X29 (*l) ~ X28(*l)} 
{X28<*l). X29(*l)> X30('l) ~ X28(*l)} 
{X28(*l)}. (X29(tl)}, {X30(*l)} 


Sll(fcl) 
U^2 1.9J X 


<l(9- 1) 

<l(g + i) 

*• /f W — 


{X3l( fe l). X32(fcl), X33C=l). X34(fcl)} 
{X3l(fel). X32(fcl) - X3l( fe l). X33( fc l) - X3l( fe l). X34(fcl) - X33( fe l) ~ X32O1) + X3l( fc l)} 
1X311^1)/' {X32(, fe l)i! IX33( fc l)h lX34l fc l)> 


Sl3(*l) 


<l(9-l) 
£ /f(9 — 1) 


{X35('l). X36(*l), X37(*l), X38('l)} 
{X35(tl), X36(tl) - X35( J l). X37(tl) - X35 (* 1 ) . X38 (*1 ) ~ X37(*l) - X36(*l) + X35(*l)} 
1X35 1*1 J/> \X36 1*1 )h 1X37 1*1 )}, iX38l*lJ/ 


gie(fci) ^2) 

Cq — i X GL2 (q) 


+ 1) 
^ /f(9 — 1) 


1X39(^1 > k 2 ), X40(fcl , ^2)} 
{X39(fcl, fc 2 ), X40(fcl- fc 2 ) - X39(fcl, fc 2 )} 
1X39(^1: fc 2j/! \X40i' i; l> fc 2)/ 


ffl7(fcl > fc 2) 
\^q—l) X 0P2WJ 


1) 


{X41 (fcl, k 2 ), X42(fcl: fc2j} 
{X4l(fcl= fc2j: X42(fcl: fc2 ) - X4 1 ( fc 1 , fc2 J } 
{X4l(fcl> fc 2 )} ; {X42(fcl? fc 2 )} 


9l8(fcli *l) 


1) 


{X43(fcl> X44(fclr *l)} 
{X43(fcl, X44(fcl> *l) - X43(fcl , *l)} 
l.X-13 ! l l 1 I ! \ X 1 H K 1 E i Is 


919( S ) 

Co n x Spofa) 


<l(9- 1) 
^ /f(9 2 - 1) 


{X45t s ), X46(s)} 
{X45(s), X46( s ) - X45( s )} 

L A.40 \ a / J , LA.4DV /J 


92o( k l, tl) 
C<,_1 X C, + i X Sp 2 (9) 


<I(<7-1) 
< (o + 1) 

< /T(9 2 - i) 


{X47( fe l. *l). X48( fe l. *l)} 

IA4|\ li A4o\ 1 ' 1 / A4l V 1 ! ''l/J 

{X47( fe l. tl)}. {X4s( fc l. *l)} 


921 (tl, fcl) 
C„_i X GU 2 (q) 


- 1) 
<l(9 + l) 
< /f(9 2 - 1) 


t Y^n 1 f i fci ) VKn(/]i frill* 
{X49(tl, fcl), X50(tl, fcl) ~ X49(tl, fcl)} 
{X49 (tl, fcl)}, {X5o(tl, fcl)} 


922(tl> t 2 ) 

C,+ i x GCM?) 


<l(9- 1) 
<l(9 + l) 
< /(9 2 - 1) 


{X5l(tl,t 2 ),X52(tl,t 2 )} 
{X5l(tl, t 2 ), X52(tl, t 2 ) - X5l(tl, *2)} 
{X5l(tl,t 2 )},{X52(tl,t 2 )} 


923 (*1 1 *2 ) 
(C„ +1 ) 2 X Sp 2 (9) 


<l(9- 1) 
«l(9 + l) 

1 Ki 2 - i) 


{X53(tl, t2>, X54(tl, *2)} 
{X53(tl, t2), XB4(tl, t2> - X53 (tl , t2>} 
{X53(tl,t 2 )},{X54(tl,t 2 )} 


924 («) 

C„2 + 1 x Sp 2 (g) 


«l(9" 1) 
<l(9 + l) 

< /T(9 2 - 1) 


{X55(f), X56(«)} 
{X55(«), X56(") - X55(«)} 
{X55(«)}, {X56<")} 


925C=1. ?>2, *=3) 

(C a -i) 3 


all £ 7^ 2 


IAOI 1) ""Z, "'d ^ J 


926( fc l. k 2, *l) 

(C q -i) 2 X C+i 


all £ ^ 2 


|y*;fi(fci . ko . £1 II- 

LAOoV 1 ' V) l/J 


927(s, fcl) 
C„_i X C (J 2_ 1 


all £ ^ 2 


{X59( s , fci)} 


928 (fcl, tl, '2) 
C g _! X (C q+ i) 2 


all £ ^ 2 


{X60( fc l, tl, t 2 )} 


929(s, tl) 

Cg+l X 0,2 _J 


all I ^ 2 


{X6l(», tl)} 


930 (fcl, «) 

C,-i x C 9 2 + 1 


all £ ^ 2 


{X62(fcl, «)} 


931 («) 


all I ^ 2 


{X63(«)} 


932('l. '2. '3) 

(c a+1 ) 3 


all £ ^ 2 


{X64(tl, t 2 , t3)} 


933<", tl) 

c g+i x c q 2 + i 


all I ^ 2 


{X65(«, tl)} 


93i{w) 
C ,3 + l 


all £ ^ 2 


{X66(™)} 
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